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Abstract:

There are several ingenious methods to determine the sum of powers of natural numbers. In this paper, we
define certain class of polynomials and examine their properties in detail. Further, we will see how the sum of
powers of natural numbers could be easily evaluated by integrating such class of polynomials.
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1. Definition:
Let us denote the sum of kth powers of first n natural numbers by
S;(n)=1%+ 25+ 4 n* (1)
We notice that, Sy(n) =n
In view of formulas presented in [1, 2], we know that S;, (n) is a polynomial in n of degree k + 1.
2. Definition of Polynomials @,,(x)
Let us define set of polynomials ¢,, () where n = 0 is an integer, recursively as follows:
Q.(0) =B,
Qp(x) =1 @
Qn(x) =n X Qy_1(x)
Where B, is the nth Bernoulli number.
3. Definition of Bernoulli Numbers:

Bernoulli Numbers are numbers which occur as coefficients of x" in the Taylor’s series expansion of _X

n! e -1
about x = 0. We denote the nth Bernoulli Number by B, . For knowing more about Bernoulli numbers and their
properties see [2]

0 n
Thus by definition we get _ %X _ Z B x (3)
-1 < "n!
We notice that the constant term of _ X is 1 and so we obtain B, =1.
e*-1

In view of [3], we know that the Bernoulli numbers satisfy the equation
nn+l
Z( : ]Bj -0 @
o\ J
Using the fact that Bo = 1 and (4), the first few Bernoulli numbers are given by

1 1 1 1 1
Bo:]-rBi:iEsz:ngs:Ol BA=—%,BS=O, B, ZE’B7 =O,Bs=—%,59 =0 (5)
5 691 7 3617
Bw:%an:O! B12:72730v813 =0, Blzl:g’Bls =0, Bs=- 510 '

4. Evaluation of @,(x) for n >1
Let us determine ¢,,(x) forn =1, 2, 3 etc. By (2), we get ¢y(r) = 1.
Letn=1.Then ¢;(x) =1x go(x) = 1
Integrating with respect to x on both sides
01(.1’) =.Z'+C1 (6)
To find ¢y, putx=01in (6), ¢1(0) =¢c;
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From (2), ¢1(0) = 2, =1/2
Thus, we get ¢; = 1/2 and using this in (6),
O1(x) = x +; (7)
Letn=2
O(x)=2x g;(x)=2xr+1
Integrating with respect to x on both sides
() =xr"+r+c 8
To find c,, put x=01in (8), ¢»,(0) = ¢,
From (2), ¢,(0) = 7, =1/6
Thus, we get ¢, = 1/6 and using this in (8),

O (xr)=x*+x +% 9)
Letn=3

03(r) =3 x @,(x) =322+ 3x +%
Integrating with respect to x on both sides

O3(x) = /1/3+§/1/2+%/1’ +C3 (10)

To find cs, put x = 0 in (10)

@5(0) = c3
From (2), ¢3(0) = £3=0
Thus, we get ¢3 = 0 and using this in (10),

O5(x) =x3+gxz+%x (11)
Similarly we can compute Q,(x) for other values of n.
5. Integralsof g,(x)for 7 =1

Let us integrate@,, (') for 2 = 1 with respect to .x between any 2 consecutive natural numbers, say k - 1
and k.
Let us considern=1
V4 V4

[l o) ar =) (x+3) ar = k (12)
Now considering .8, (72) for # = 1 and using (12), we get

S1(2)=142+3+-+n

=[O @& +[7 0 dr + [ 0u(x) &

” 7 1 72 n_ nn+l
:fo Ql(I)dl’ =f0(1+5)d1":7+ E:(TH
Thus, we have determined the value of .51 (72) by integrating ¢, (x)
Let us consider n = 2
Vs # 1
fk—l 02(-’1/) ax :flé,_l(,l’z +x +g) adr = ,%2 (13)

Now considering.s’, (72)for # = 2 and using (13), we get
So(n) =124+ 224+ 3+ 4 22
2 n
= [y 0:x) @ + [ () @ + .. 4[] Oa(x) @

n n 1 73 72 n
=l Co(x) @& =[P +r+) & =S +SHo=
Thus, we have determined the value of .5°,(72) by integrating ¢,(x)
Now we see if this pattern can be generalized to evaluate .5", (72) for any given k by integrating ¢, (). In order to
do this, first we will prove the following theorem.
6. Theorem 1:

If ¢, (x) are the polynomials as defined in (2), then @,,(#) — @,(k —1) = n. £#771 (14)

n(n+1)(2n+1)

Proof:
We will prove (14) using mathematical induction on n.

Letn=1Then ¢,(#) — ¢1(4# =) =4 + é — (/{’ -1+ %) =1=1.4° Thus (14) is true if n = 1. Now consider
n = 2. Then we obtain

0x(4) — 02(/{’—1)=/92+/{’+% —((/é'—l)2+(/{’—l)+%)=2/€'=2./{’2_1
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Hence (14) is true for n = 2 also. So, by Induction Hypothesis, we assume that (14) is true for all valuesofn=1, 2,, .
.., m. We will show that it is also true forn=m + 1.
(m+ D). k" = m k"™ e+ k™"
=@ k) — @& —D] 4+ £ (Using Induction Hypothesis for n = m)
Now using (2) and re-arranging the terms, we obtain

(A D) A" = b7 = s (B) = G (h = 1)

(1) (1)

1 g 1 ’
mk "t :mamﬂ(/f) —mgmﬂ(f -1

Using Fundamental Theorem of Calculus, integrating above equation on both sides with respect to k, we get

A7 = ﬁ [@1(£) — @1 (A — 1)] + A, where A is constant of integration.

If m = 0, then from above equation, we obtain 1 = [¢,(#) — ¢1(4# — 1)] + A. Now using (7), we get 1 = (,{, + g)
— (# = 1+3) + 2 from which =0,

Hence, (mz+ 1)£7 = @, 1 (k) — @1 (£ — 1) proving (14) for n=m + 1 also.

So, by principle of mathematical induction, (14) is true for all non - negative integers n.
This completes the proof.

We now establish the following important theorem.

7. Theorem 2:
Ifk > 0andn>1are integers then .S, () = fO” O,(r) ar (15)
Proof:
Using (2) and (14), we see that
V4 # 1 ' 1
f/(—l 7 (/1") dr = f'{'_lm 0”+1(I)¢1" = m[ Q,H_l(/{’) - 072+l(/é - 1)]
- 1 n — n
= o X (n+D&" =4 (16)

Hence using additive property of integrals and (16), we obtain
Spn) =1 +2 +3* +. .+ n*
=y 0u) ar + [ 0u(x) dr +. [ 0p(x) ar

=Jy Ou(x) ar
This completes the proof.
8. Conclusion:

In this paper, we have defined the polynomials ¢,,(x) for any natural number n as in (2). In fact, these
polynomials are translated form of the well known Bernoulli polynomials in mathematics literature. Hence using the
modified form of Bernoulli polynomials, we have first proved (14) in theorem 1 and using this result as well as the
well known theorems in calculus, we have established a nice formula that sum of kth powers of first n natural
numbers namely .5, (72) is obtained by integrating ¢, (x) over the closed and bounded interval [0, n] for fixed
natural number n as in (15) of theorem 2. Hence knowing the modified form of Bernoulli polynomials, one can
immediately obtain .5", (72)for given k.
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