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Abstract:

Narayana numbers named after the Indian mathematician T. V. Narayana (1930-1987) plays a vital role
in combinatorial problems. In this paper, we discuss about for what choices of a and b the Narayana numbers
N(a, b)forms a perfect square? In view of answering this question, three cases were discussed by considering
odd, even and some specific positive integers. Using combinatorial arguments, divisibility properties, binomial
coefficients, we have established three theorems in this paper.
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1. Introduction:

Narayana numbers are a sequence of positive integers that arise in various mathematical contexts,
including combinatorics, algebra, and geometry. The Narayana numbers are denoted by N(n, k), neN*t,1 < k <
nand forms a triangular array of natural numbers, called Narayana triangle that occurs in various counting
problems, which is a fundamental problem in combinatorial geometry. Solution for Dyck words, a counting
problem where number of words containing npairs of parentheses, which are correctly matched and which
contain k distinct nesting can be given in terms of Narayana numbers N(n, k). Narayana numbers have several
interesting properties, such as recurrence relations, generating functions, and algebraic identities. R. Sivaraman
discussed two interesting results on Catalan numbers [5] and combinatorial identities of binomial coefficients
and its properties associated withNarayana numbers [6]. These papers provides good insight in to understanding
of Narayana numbers. A perfect square is a non-negative integer that can be expressed as the product of an
integer with itself. This paper provides three conditions for which Narayana numbers can also be perfect
squares. Detailed proofs have been presented.

2. Definitions:
2.1 Greatest Common Divisor:
Let a and b be positive integers. A number d is said to be a greatest common divisor of a, b if
e  The number d divides both a and b
e If there is a number ¢ which divides both a and b then c dividesd
The greatest common divisor of a and b is denoted by (a, b)
2.2 Binomial Coefficient:
The numbers formed through two integers nand r where n > 0,0 < r < n given by the expression

*) = ‘( - are called binomial coefficients. Also, in binomial coefficients(}) = (,”,) = =(}Z}). Binomial
coefficients form the coefficients of the binomial expansion (a + b)" forn = 0.

2.3 Narayana Numbers:
The Narayana numbers are positive integers defined by

N(a,b)=§X(Z)x(bf1),WherelsbSa+1.

2.4 Catalan Numbers:
The nth Catalan number is given by the expression C,, = nl? (2;‘)

3. Some Results on Perfect Squares of Narayana Numbers:
3.1 Theorem 1:

2
The Narayana numbers N (nz,nz—“) is a perfect square if n is odd

Proof:
By definition, Narayana numbers are given by

M =2x (@)% (, )
o (B)xix )

T a b b (b-Dla=b+1)! a b b(b-1)! (a—=b+1)!
1

(s

_b a a! _ a al
‘Ex(b)x bl (@a—b+ 1)(a—Db) ‘Ex(b)x (a—b+1) bl@a=Db)
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In view of (1), it is enough to prove N(a, b) is a perfect square, in above it is enough to show that a

a(a—b+1) IS
square
If n is an odd integer then n? is also an odd integer

. . L . on?41. .
Hence,n? + 1 will be an even integer which implies nT is an integer

. 241
So consider, a = n%,b =2 -
b n2+1 n2+1 1
Hence, = z =—4%—==

a(a—b+1)_n2(n2_"2_+1+1) nz(nzﬂ) n2
2

Now using (1), we have
2 2
2 n n
N (‘I’lz,n 2+1) = niz X <n2+1) = %(n2+1) ............... .(2)
2

2
In view of (2), for proving N(nz,"z—“) is a perfect square when n is odd, we now need to prove

n?
thatndivides <n2+1>.

Now, (12, 500) = (B0 200y (21 )y ®

n n
We know that -~ 1)

2 2 2 2 2
Therefore ——>— | (n?+1) :”T | (n'zlﬂ) =n? | (n'zlﬂ)
(nZ.T) 2 2 2

n? n?
= n? divides <712_+1> = n divides <n2+1>
) 2 2
Therefore, N (nz,nz—+1)is a perfect square if n is odd.
This completes the proof.
3.2 Theorem 2:

2_
The Narayana numbers N (nz -2 "2—2) is a perfect square if n is even

Proof:
n2-2 2 n2-2 2
2_ 2_ n--2 2_
From (1),N (nz -2, 2) = X (ﬁz_f) =— 2 x (22_22)
2 (n?=2)x (n2~2-"=+1) 2 (n?-2)() 2

2_9\2 2_5\1?
= 1% X (22_5) = E X <22_22)] ....................... (4)
2 2

2_
Hence by (4), in order to prove thatN (nz -2 "2—2) is a perfect square if n is even, it is enough toprove n
.. n¢-2
divides (nz_z).

2

2
. i 2. .
If n is even, then n? — 2 is even and so"T is an integer.

Sinceniseven,n =21,1€ Z*
n®  4)%

n%-2
2

+1

2
2_
(22_22) ................................ (6) (By Definition 2.4)

2

(nZ—Z) N n?
n2-2 -
— 2

From (5) and (6), n divides (ﬁ)
2

n?-2\ . . .
Hence N (nz -2 T) is a perfect square if n is even
3.3 Theorem 3:
The Narayana numbers N(n?(n? + 1), (n? + 1)) is a perfect square, ifn is any positive integer
Proof:
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202 2 _ (n2+1) n2(n2+1))2
From (1)'N (Tl (Tl + 1)' (Tl +1 )) T 2m24D)x(m2 M2 +1)—(n2+1)+1) X ( n2+1 )
(n?+1) n2(n? + 1)\’
= X
nz(n2+1)x(n4+n2—n2—1+1) n?+1

__ @+ x( n2(n? +1)) R (nz(n2+1))2

n2(n2+1)n* n2+1 nb n2+1
_[1 nZm2+1)
=[Ex (Mo )] ....................... @)
In view of (7), to prove N (n?(n? + 1), (n® + 1)) is a perfect square if n is any positive integer,it is enough to
2(n2+1)
20,2
prove n3 divides (” rg’;;”)(l g) 1+~ ( 2 “ ) is an integer
We know that,(7) = = (17}
Z(n +1) n2m2+1) (n2(n2+1)-1\ _ 2 (n*4n2-1
( n2+1 ) W( n241-1 )— n ( n2 ) ......................... (8)

From (7), we need to prove n® divides (

2241 .
" 7?21+11L )). Hence using (8), we have

20,2 4 2 4 2
i 3 (n"(m°+1) 31,2 (nt+n?-1 n*4n?-1
(ue)n|(nz+1):»n|n( ) s (M)

nt+n

20,2
That is to prove n? | (" (n? H))It is enough to prove n | ( nzz_l)which in turn impliesn3 | (" o “))
By definition of binomial coefficient,

241

(n) _ nn—-—1Dm—2)uuiwi..(n— (@ —-1))
R GOl st 12
n +n -1 nt+n2-1)(n*+n?2-2)(n +n —3 ............................ (n +n“—-1—-(n“-1))
Hence, ( ) 1.2.3 eeeeer et et (n2-1)n?
nt+n?-1 M+ -1 +n?-2)(n* +n?—=3) e (0D
—3 =
n? 1.2.3.. e R (Rl B %

= n? is the factor of (" +n"2 ) = nleldes(” n _1) (From 8)

20,2
Hence,n3 divides (” (n “)).

n241

Therefore,N(n?(n® + 1), (n®> + 1 ) ) is a perfect square if n is a positive integer.
This completes the proof.
4. Conclusion:

Among Narayana numbers, which kind of values of a, b provides perfect squares? This question was

briefly discussed in this paper through three theorems.In three theorems discussed in section 3, we always get
perfect squares. But these three cases does not provide the complete set of perfect squares that can possibly exist
among Narayana numbers. For example, N (1728,28) is a perfect square, but this doesn’t come under any of
three categories discussed in the paper. In future study, we will consider determining such perfect squares. There
are several possibilities of extending or modifying the results proved in this paper.

5. References:

1.

2.

3.

10.

Tadepalli Venkata Narayana. Surlestreillis form_es par les partitions d'un entier et leursapplications _a
la th_eorie des probabilit_es. C. R. Acad. Sci. Paris, 240:1188{1189, 1955.

Paul Barry, On a generalization of the Narayana triangle, J. Integer Seq., 14(4): Article 11.4.5, 22,
2011.

Paul Barry and Aoife Hennessy, A note on Narayana triangles and related polynomials, Riordan arrays,
and MIMO capacity calculations. J. Integer Seq., 14(3): Article 11.3.8, 26, 2011.

Nelson Y. Li and Tou_k Mansour, An identity involving Narayana numbers, European J. Combin.,
29(3):672{675, 2008.

R. Sivaraman, Two Interesting Results about Catalan Numbers, Journal of Scientific Computing,
\Volume 9, Issue 5, (2020), pp. 57 — 61.

R. Sivaraman, On Some Properties of Narayana Numbers, Proteus journal, Volume 11, Issue 8, 2020,
pp 8-17

Tou_k Mansour and Yidong Sun. Identities involving Narayana polynomials and Catalannumbers.
Discrete Math., 309(12):4079{4088, 2009}.

Richard P. Stanley. Enumerative combinatorics. Vol. 2, volume 62 of Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1999.

N. Calkin, H.S. Wilf, Recounting the Rationals, American Mathematical Monthly 107 (4) (2000) 360-
363

R. Sivaraman, Triangle of Triangular Numbers, International Journal of Mathematics and Computer
Research, Volume 9, Issue 10, October 2021, pp. 2390 — 2394.

20



11

12.

13.

14,

15.

16.

17.

18.

19.

20.

International Journal of Applied and Advanced Scientific Research (IJAASR)

Impact Factor: 5.655, ISSN (Online): 2456 - 3080
(www.dvpublication.com) Volume 8, Issue 1, 2023

R. Sivaraman, Recognizing Ramanujan’s House Number Puzzle, German International Journal of

Modern Science, 22, November 2021, pp. 25 — 27

R. Sivaraman, J. Suganthi, A. Dinesh Kumar, P. N. Vijayakumar, R. Sengothai, On Solving an Amusing

Puzzle, Specialusis Ugdymas / Special Education, Vol 1, No. 43, 2022, 643 — 647

A. Dinesh Kumar, R. Sivaraman, On Some Properties of Fabulous Fraction Tree, Mathematics and

Statistics, Vol. 10, No. 3, (2022), pp. 477 — 485.

R. Sengothai, R. Sivaraman, Solving Diophantine Equations using Bronze Ratio, Journal of Algebraic

Statistics, Volume 13, No. 3, 2022, 812 — 814.

P. N. Vijayakumar, R. Sivaraman, On Solving Euler’s Quadratic Diophantine Equation, Journal of

Algebraic Statistics, Volume 13, No. 3, 2022, 815 — 817.

R. Sivaraman, Generalized Lucas, Fibonacci Sequences and Matrices, Purakala, Volume 31, Issue 18,

April 2020, pp. 509 — 515.

R. Sivaraman, J. Suganthi, P. N. Vijayakumar, R. Sengothai, Generalized Pascal’s Triangle and its

Properties, Neuro Quantology, Vol. 22, No. 5, 2022, 729 — 732.

A. Dinesh Kumar, R. Sivaraman, Asymptotic Behavior of Limiting Ratios of Generalized Recurrence

Relations, Journal of Algebraic Statistics, Volume 13, No. 2, 2022, 11 - 19.

A. Dinesh Kumar, R. Sivaraman, Analysis of Limiting Ratios of Special Sequences, Mathematics and

Statistics, Vol. 10, No. 4, (2022), pp. 825 — 832

Andreescu, T., D. Andrica, and I. Cucurezeanu, An introduction to Diophantine equations: A problem-

based approach, Birkh&user Verlag, New York, 2010.

21



