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Introduction:

Molodtsov pointed out several directions for the applications of soft sets. At present, works on the soft
set theory are progressing rapidly. Maji et al. [15] described the application of soft set theory to a decision
making problem. Maji et al. [15] also studied several operations on the theory of soft sets. The notion of soft set
was introduced in 1999 by Molodtsov [14]. Since its inception, Maji et al. [15] and Ali et al. [2] introduced
several operations of soft sets and Sezgin et al. [21] studied on soft set operations in more detail. And the theory
of soft set has gone through remarkably rapid strides with a wide-ranging applications especially in decision
making [6, 7, 16, 17, 23, 24, 19, 36, 25]. There have been also attempt to softificate various mathematical
structures like groups [3], semirings [8], BCK/BCl-algebras [9, 10], p-ideals [11], BCH-algebras [12], rings [1],
near-rings [20], mappings [18], soft lattices [13], substructures of rings, fields and modules [4]. Cagman et al.
[5] introduced the concept of soft int-group which is based on the inclusion relation and the intersection of sets,
and therefore more functional for developing the theory of soft groups. With the motivation of soft int-group,
Sezgin et al. [22] moreover defined soft uni-group which is based on the inclusion relation and the union of sets
and its basic properties of soft uni groups as regards normal soft uni-groups as well. In this article, we construct
a soft intersection group under certain conditions and a soft union group is investigated by this upper t-
subgroups and lower t-subgroups with suitable examples.

Preliminaries and Basic Concepts:

Definition 2.1: A pair (F, A) is called a soft set over U, where F is a mapping given by F: A—P(U). In other
words, a soft set over U is a parameterized family of subsets of the universe U. Note that a soft set (F, A) can be
denoted by Fa. In this case, when we define more than one soft set in some subsets A, B, C of parameters E, the
soft sets will be denoted by Fa, Fg, F¢, respectively. On the other case, when we define more than one soft set in
a subset A of the set of parameters E, the soft sets will be denoted by Fa,Ga, Ha, respectively.

Definition 2.2: The relative complement of the soft set F5 over U is denoted by F's, where F'a : A — P(U) is a
mapping given as F'A(a) =U \Fa(a), for all a € A.

Definition 2.3: Let F5 and Gg be two soft sets over U such that ANB # ®. The restricted intersection of F and
Gg is denoted by Fo U Gg and is defined as Fo U Gg = (H,C), where C = ANB and for all ¢ € C, H(c) =
F(c)NG(c).

Definition 2.4: Let F5 and Gg be two soft sets over U such that ANB # ®. The restricted union of F, and Gg is
denoted by FAUR Gg and is defined as FaUr Gg = (H,C), where C = ANB and for all ¢ € C, H(c) = F(c)uG(c).
Definition 2.5: Let F5 and Gg be soft sets over the common universe U and i be a function from A to B. Then
we can define the soft set i (Fa) over U, where i (F) : B—P(U) is a set valued function defined by ¢ (Fa)(b)
=U{F(a) |ae Aand ¥ (a) = b},

If 1 *(b) # @, = 0 otherwise for all b € B. Here, 1 (Fa) is called the soft image of F under 1. Moreover we can
define a soft set 1) %(Gg) over U, where ¢ (Gg) : A — P(U) is a set-valued function defined by ¢ *(Gg)(a) =
G(y (a)) for all a € A. Then, 1 (Gg) is called the soft pre image (or inverse image) of Gg under 1.

Definition 2.6: Let F5 and Gg be soft sets over the common universe U and vy be a function from A to B. Then
we can define the soft set Y *(Fa) over U, where Y *(Fa) : B—P(U) is a set-valued function defined by
Y*(Fa)(b)=N{F(a) |a € Aand i (a) = b}, ifyp *(b) # ®, =0 otherwise for all b € B. Here, y*(F,) is called the
soft anti image of F under .

Definition 2.7: Let fa be a soft set over U and a be a subset of U. Then, upper a-inclusion of a soft set 4,
denoted by f°A , is defined as f “A = {x € A : fa(x) 2 o}

Definition 2.8: Let X be any non-empty set. A mapping & : X— [0,1] is called fuzzy set on X.
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Definition 2.9: A complex fuzzy soft subset A, defined on a universe of discourse X, is characterized by a
membership function t,(X) that assigns any element xeX and a complex valued grade of membership in A. The
values of 7,(x) all lie within the unit circle in the complex plane and are thus all of the form P,(x) e/#4®) where
P,(x) and e/#4®™ are both real valued and P,(x) €[0,1]. Here P,(x) is termed as amplitude term and e/#4™) js
termed as phase term.
The complex fuzzy soft set may be represented in the set form as A = {(x, t4(X)) / x€X }. It is denoted by CFSS.
The phase term of complex membership function belongs to (0,27). Now we take those forms which presented
to define the game of winner, neutral and loser.
_(ua (x) ifpy > pg
Haus (9 _{#B (®) ifps <pg’
This is a novel concept and it is the generalization of the concept “winner take all” for the union of phase terms.
Definition 2.10: Let X = {x;, x,, X3} be a universe of discourse. Let A and B be complex fuzzy soft sets in X as
shown below.

A={0.6¢9® 03 T ,0.5 el(03)}
B = {0.8 €09, 0.1 ¢'7 ,0.4 €09}
.3m
AUB = {0.8e'®9 03¢'7 0.5}
We can easily calculate the phase terms e'#4nB &) on the same line by winner, neutral and loser game.
Definition 2.11: Here a complex fuzzy soft subset A of a group G is said to be a complex fuzzy soft subgroup of
Gifforallx,yeG
(CFSSG1) A(xy) = min { Ax), A(Y) },
(CFSSG2) A(x™1) = A(X) where the product x and y is denoted by xy and the inverse of x by x™1. It is well
known and easy to see that a complex fuzzy soft subgroup G satisfies A(x)< A(e) and A(x~1) = A(x) for all x €
G, where ‘e’ is the identity of G.
Some Applications of Complex Soft Intersection Structures:
Theorem 3.1: Let 8¢ be a complex Q-fuzzy soft set over U, 8¢ =! be upper t-subgroups of 8¢ for eacht — U and
the set Im(8g) be ordered by combination. Then, 8¢ is a complex fuzzy soft intersection group over U.
Proof: Let X,y € G and q € Q and 3¢(X,q)=t; and dg(y,q)=t,.

Suppose thatt; < t, . It is obvious that x € 56 ='] and y € 5 =" ;.
Sincet; = t,, Itis follows that x,y € 56='1 and since 8c=' is a subgroup of G for allt —U , it follows that

Xy ' €8:21. Hence dg(xy *,q)>t; =t ) t, =min { ds(x,q), ds(y.q)} . Thus &g is a complex Q-fuzzy soft
intersection group over U.

Theorem 3.2: Let 5 be a Complex Q-fuzzy soft set over U. §g <! be lower t-subgroups of 5 for eacht — U

and the set Im(8¢) by ordered by combination. Then &g is a complex Q — fuzzy soft Union group over U.
Proof: Let x,y € G, q € Q and 6¢ (X,q) =t; and &g (Y,q) =t

Suppose that t; S t, . It is obvious that x € 8¢ <t, and since 3¢ =t is a subgroup of G for all t < U, it follows

that xy ™ € 8¢ <t,
HenceBG(Xyilaq)StZStlLJtZ:maX{SG(Xaq)SSG(qu)}
Therefore, 6 ¢ isa CQFSU — Group over U. From now on, it will be more connected with a CQFSI — group and
its upper t — subgroups.
Note 3.4: If & g is @ CQFSI — group over U, then the set Im (8 ¢ ) does not need to be ordered by combination as
in the case of the following example.
Example 3.5: Assume that U = S; is the universal set and G = Zs is the set of parameters.
If a CQFSS is constructed by 6 ¢ (0,9) = Ss;
o G ( laq ) =39 G ( 5lq) = {(12)1(13)!(132)}
86(2,9)=d¢(4.,9)={(12),(13), (23), (123), (132) }

36 (3,04)={(1), (12), (13), (132) }
then & g is a CQFSI — group over U, whose image set is not ordered by combination.
oS3

Note that 86 ="° = {0}
8 ={(1),(12),(13),(132)} _ {03}
5 D@2 _ 5 4
8 ={(1),(12),(13),(132)} _ Zs

Thus upper t — subgroup {0} attains an infrimum on 0, {0,3} on 3, {0,2,4} on 2 and 4, since § ¢ (2.,9) =3 s (4
,0)and Zson1and>5.
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Theorem 3.6: Any subgroup H of a group G can be realized as an upper t — subgroup of some CQFSI — group
over U.
Proof: Let 6 ¢ be a CQFS — set over U defined by
dg(x,q)= t,ifx€H
= @, if x € Hthen § ¢ is a CQFSI — group over U.
Leta,b€G.
Case (i) : Suppose a € H and b € H, then ab € H.
It follows that 5 g (ab,q)=tand ds(a,q)=ds(b,q)=t.
Thus,dg(ab,q)>min {ds(a,q),6c(b,q)}.
And alsoifa€ H,thensoisa *,thus s (a,q) =dg(a™ ,q) =t.
Case (ii) : Now, suppose a€ Hand b € H thenab € H. It follows that
dc(a,q)=tanddg(b,q)=08c(ab,q)=.
Therefore, 5 g (ab,q)>min {ds(a,q), dc(b,q)},
FurthermoreSG(a,q):ESG(a_1 ,q)ifa€Hora €H.
Case (iii) : Now, suppose that a “ H and b & H . Then either a,b € Hor a,b € H. It is easy to show that in any
cases, 8 (ab,q)>min {6g(a,q), ds(b,q)},
And 8c(a,q)=3ds(a " q)
Hence 8 ¢ is @ CQFSI — group over U. Therefore, for this CQFSI group, ¢ = = H.
Note 3.7: It is known that if 3¢ is a CQFSI group over U, then 8 ¢ (e,q)>8 ¢ (x,q) forall x € G and q €nQ.

Letd ¢ (e,q) >t , then it turns out to be an interesting case to investigate the upper t . subgroup of 8c e of
G. Because it x € 9= ,thend g (x,q)>t=38 g (e,q)and it appears that only ¢ € 9c ='e . But that is not

always the case as seen in the following example.
Example 3.8: Consider the CQFSI — group in theorem 3.6. Assume that H * { e } and H # G. It is known that

3¢ is a CQFSI — group over U and Im (8g) = { @ , t }. Thus, two upper t — subgroups are 8s=¢ = G and 8¢ = =

{x€G/9(x,0)>t} =H. Since e € H, 9 (e,q)= t; but 3¢ = H which is not equal to “e”.
Definition 3.9: Let 8¢ be a CQFSU — group over U. Then e — set of Sc, denoted by G;¢ , is defined as Gsg = {
X € G/ 9c(x,q)= 9c(e,q) }
Theorem 3.10: Let 8c be a CQFSI — group over U. If 8c(e ,q) = t. , then 56 =" . = Gsq.
Proof: 8¢ =", = {x€G/(x,q) >t}
={x€G/d%(x,q) =t }
Since te > So(x,q) forallx € Gandq€Q. 3=, = {x€G/c(x,q)=c(e,q) } = Gsc.
Note 3.11: Let 9c be a CQFSI — group over U and (to, t1, t2, t3,.....t,} € Im (8g) which satisfying that t, > t;
>t,>tz>.....> t,. Then the family of Upper — t — subgroups from a chain, which denoted by C (8¢) = 6¢=' 0 < ¢

e 8¢ = . Not to our surprise, only some of the upper t — subgroups of 8s form a chain. Since all the
subgroups of G, In general, does not form a chain that is, it makes no sense to hope all the upper t — subgroups
form a chain. In the connection, see example 1 {0, 3} < {0,2,4} and { 0,2,4 } < (0, 3}. Of course if the
number of the Im (Sc) forms a chain, so does the upper t — subgroups of 9 . For further detail, refer to the
following theorem.

Theorem 3.12: Let G be a finite group, 9c be @ CQFSI — group over U and | be an arbitrary finite index set and

G@Bc=')= {8~ /i€ ti€Im (3c) } then we have the followings:

(1 There exists a unique i, € I such that t >t ;, for all i.
ofi Otje
i) G =[)0 =0
i
@iy 6 =Jos™
iel .
(iv) If the members of Im (8g) forms a chain, so do is G (8¢ 2t )
Proof:
(i) Since dg(e,q) € Im (Sc) , there exists a unique . ie € I such that 9c(e,q)= t;, . We know that dc(e,q)>

da(x,q) for all x € G and q € Q. It follows that t;, > 9c(x,q), for all x € G and q € Q.
Thuste >t; ,foralli€l.
(i) Since in theorem 3.11, it is proved that
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Stie
G SG = 5(3 , where SG(G,Q) =t ie.

7tie oti . .
It is only shows that G 5(33 = ﬂ@; ' Sincet ie>tiforalli€1
iel

e Stie Stie ofi ofi Stie
G sGéG , for all i.ThusG§G s Q‘SG née e , for

. Now let x € id , then x €

all i € I. This completes the proof.
Conclusion:

We construct a soft intersection group under certain conditions and a soft union group is investigated

by this upper t-subgroups and lower t-subgroups with suitable examples. One can obtain the similar idea in the
field of rough set theory and vague set theory.
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