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1. Introduction:

Complex fuzzy set and logic, which are extensions of fuzzy sets and logic respectively, were first
proposed by Ramot et al. [2003]. According to their definition, a complex fuzzy set is characterized by a
complex grade of membership, which is a combination of a traditional fuzzy degree of membership, 108
referred to as the amplitude term, with the addition of an extra term: the phase term. The range of Ramot
complex grade of membership is a unit disk in a complex plane. Ramot at al. discuss several complex fuzzy sets
operations, such as complement, union, and intersection [2002]. The Ramot type of complex fuzzy set can
effectively handle cyclic or periodic fuzzy data. Note, however, that the complex fuzzy set concept introduced
by Ramot et al. is different from the one defined by Buckley and Zhang [2007]. Zhang et al. [2007] studied
other operations and delta-equalities of complex fuzzy sets and complex fuzzy relations. Dick studied complex
fuzzy sets and complex fuzzy logics and proposed several applications [2006]. Indeed, the applications of
complex fuzzy sets span various fields, such as signal processing physical phenomena and economics.The
elements of a crisp set are pairwise different but if we allow repeated occurrences of any element, then we get a
mathematical structure. This mathematical structure is called multiset [1991]. The numerous applications of
multisets have found in mathematics and computer science. In addition multisets are used in concurrency theory
[1985].I1f we allow repeated occurrences of any element of a set integral number of times (includesa negative
number of times), we get a structure that has been called hybrid set. Loeb [1992]introduced this mathematical
structure and shown that one can use a hybrid set to describe theroots of a rational functions where elements that
occur a positive number of times and describe the poles of a rational function where elements that occur a
negative number of times. Yager [1994] developed the concept of fuzzy multisets from crisp multisets and it is a
fuzzy subsets whose elements may occur more than once. In this paper, we define N-fuzzy complex numbers
and N-fuzzy complex sets and investigated some of its properties.

2. Preliminaries:

From the literature, we recall the following definitions for the development of N-fuzzy complex
numbers and N-fuzzy complex fuzzy sets.
Definition 2.1:

Let a set jy be fixed. An N-fuzzy set. A in Y is defined as an object of the following form

A={(x,8,(x))/ xe X }Where the function &, : X —[-1,0] in called the degree of membership of the element

X € X 1o the set Ain X and for every X € X _1< 5, (x)<0
Definition 2.2:
A N-fuzzy complex number Z is defined by its membership function 5(Z):C —[-1,0], where C is

the set of all complex numbers. Anax—cutof Zis 7" ={Z/5(Z) <a}, where—1< a < 0and separately
2'={Z16(2)=-1}.

Definition 2.3:
Z is an N-fuzzy complex number if it satisfies the following three conditions:

v 0(Z2):C —>[-10] is continuous
v Z“,—1< a <01s open, bounded, connected and simply connected.

v ZIs non- empty, compact, arc wise connected and simply connected.
Definition 2.4:

A function T :[-1,0]x[-1,0] = [-1,0] is said to be a T-norm if for all a,b,c e[-1,0].
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T(a-D=a
T(a,b)=T(b,a)
T(a,T(b,c))=T(T(a,b),c)
v T(a,b)<T(a,c)Iftb<c.
Similarly T-co-norm (S-norm) is a commutative, associative and non-decreasing mapping
S :[-1,0]x[-1,0] —[-1,0] that satisfy the boundary condition S(a,0) =a for all a €[-1,0] .

Definition 2.5:
A function C:[-1,0] —[-1,0] is called a N-fuzzy complement operation, if it satisfies the following

conditions;

KX

v C(-)=0and C(0)=-1

v C(a)<C(pb)if a>Dbforall a,be[-10]
Definition 2.6: A T-norm T and a T-co-norm S are dual with respect to a N-fuzzy complement operation C if
and only if C(T (a,b))=S(c(a),c(b)) and C(S(a, b)) =T (c(a),c(b)) for all a,b [-1,0].
Let Us define Z =X+1y, where X,y € X .of X, and Y, are real fuzzy numbers with membership function
0 (X) and S, () respectively, then Z, = X, +1Y, is a N-fuzzy complex number with membership function.
6,(2) =inf{o,(x),5,(y)}. Similarly, we can define the N-fuzzy complex numbers Z, = X +iY, with
membership ~ function ~ &,(z) =inf{o,(x),5,(y)}and Z, = X, +iY,with membership  function

6, (2) =iInf{5,(x), 5, (y) }respectively.
Now, we consider a threedimensional fuzzy membership complex function (3, (z),d,(z), 8, (z)) between two
pixels X, y € X and it can be represented as a N-fuzzy complex set
A={(Z,6,(2),64(2),6,(2))] z=x+1iyandx, y € x}.

In this part of the paper, we try to define the arithmetic operations on a N-fuzzy complex set A. Let
f:CxC —C definedby f(z,z,)=W.

Now, we extend f to Ax Ainto A by f(z,2,) =W if

o (2) =max{r,(z,,2,)/ f(z,2,) =w}

Where 7, (2,,2,) =inf{o,(2,),5, (z,)}or ke p.

Ifwe Use f(z,,2,) =2, +2,0rf (,2,) = 2,2,, then we obtain W= Z1+Z2 or W=2,Z, , where
V_V={(W, o(w)/wec,kep}, z :{(21,51(21))/ keN},z, :{(22,52(22))“( € p}

Now, define-z for negation as

—2={(z,6,(2)| zec}={c-2,6(-2)/ zec}

Thus, the difference 2, — 2,,2,,Z, € A is defined by Z_l —Z_2 =z +(-2,)

The reciprocal of E 1S R is denoted by z tand is defined by
7 ={(z,6,(2) zec}={(z",5,(z ")/ zec}

- _ z _—
Thus the division of two N-fuzzy complex number Z;,Z, € A is denoted by == and is defined byi =72,
Z, Z,

The conjugate ofE S Z is denoted by z*  and is defined by
z' ={(Z,51(Z_)/Z eC},wherez =X —iy if z= X+1y.
The modulus of ‘E‘ of Zis defined by ‘E‘ =max{5,(r)/k e p}, I is the modulus of Ze&C and

8 (r)=max{3,(z)/ zec,|z| =r}for Ke p.
Here we observe that the addition and multiplication of N-fuzzy complex numbers by using & — CUts

Let M*={z,+2,/(z,2,)ezy xz;}and N*={2,2,/(2,,2,) €2y x 27}
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These two « — CULS are needed to investigate the properties of N-fuzzy complex numbers.

3. Some Properties of N-Complex Fuzzy Number:
In this section, we have proved some important results
Theorem 3.1:

If \7V=Z_1+Z_2,then w* =M? and if \/_v:z_lz_2 , then W* = p“.

Proof:
In this theorem we have two cases arise.

Case (i): —1<a <0

Let We VF .Then we can find z, € Z_1 and z, € Z_2
Because W=7, + Z, suchthat Z, +Z, =W and 7, (2, 2,) <&
Since o, (W) < a for K € p. This implies that 6, (z;) <« fori=1,2and ke p
=7ze€ fandzz € Z =(z,2,) e g X g, Whereg X g is the Cartesian product between fand g
Thus from the given definition of 1“, @ € p” .Conversely, let @ € u”.
Then @ =27, + 2, with 6,(z;) <afor i=12andk € p

= n.(2,2,)<a =>max{r,(z2,2,) 7, + 2, =W}<a = 7, (w) <aforall ke p

= ® € ®” Hence " = p“*
Case (ii): a=-1
Let e 4. Then there exist Z;andz, such that z, + z, = wandz, (z,,2,) = —1forallk € p.

Thus, 5, (@) =—1forallke p > wew™.
Conversely,

Let @ € ™" then we can find z in, supp (z_i)and (Z_Zn)nsup p(z_z)forn =123.....
Such that z, +z,, = wandz, (2, 2,,) < -t forallpe P.
n

Since the support are compact we may choose a subsequence Z, — z,andz,, —z, with

2, + 2, =wandr, (z,,z,) <-1)forall kK € p because 7, is continuous.
=7 € Efori =12
=inf{5,(2,),5,(z,)}< ~1forall K e p = 5, (z;) <-1fori=12and forall ke p — (Zl’ ZZ)EE,E

S>wep”

a

Hence, if =z, +zthen’ = u°.
Before proceeding to the Mxt theorem, we will discuss some important results which are needed for the

upcoming results.
Lemma 3.2:

If o=2,+2,0rw=1212,,then®” isopen for —1<a <0
Proof:
Let o=z +z,andwe o’ for-1<a <0

Then by theorem (3.1),3(z,,2,) € z, x z, such that Z, +Z, = @. Since Z; is open so, choose on disk O(z,,)

with radius €> 0, cantered at Z, such that O(Zz,e) contained in Z; thus z,+0(z,,€) is an open set

containing @ = Z; + Z, and contained in z* — ” . Therefore @ is open. If o= ?1;2, then by similar argument

by choosing @ = 2,2,andz,.0(z,,€) in place of @ =27, +Z, and Z, + O(Zz, e) reply thus @ is open.
Lemma 3.3:
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It ©0=2,+2,00 ©=22) psqyming that o, e o’ fomne p

Converges to gands (a)n)Converges to A4in[-1,0]fork € pthend, (a)) <A forallk e p
Proof: ‘

Let =1z, +2,. Then for every &> 0, there isz, ez’and z, ez such that z, + 2, = e, and
5 (o, )-e< 7.(2,,2,,)< 6 (e, )for k e p.Henceall 7, z, and @, forne p belongs to
Compact sets. Thus, we can choose subsequence’s such thatz,  — 7,7, —> Z,, @, —> a;andzl +2,=w
with 4, —e< 7,(z,,2,) < A, fork € p, because
7, is continuous. Since €is arbitrary, so ﬂk(zl, 22): A fork e p thus &, (a))g A fork € p. By similar
argument, we can prove that if @ = z,Z, then J, (a))s —k for k e p.

Theorem 3.4:

If Z, and Z, are N-fuzzy complex numbers, thenso — __ ___ __ _
2,+12,,72,,7 —Z,and

N ||'_‘N |

N

Proof:

Let us assume that @ = Z, +Z, we have to show @ is a N-fuzzy complex number our first target is to

show &, (a)) is continuous for all K € p by arguing that @, —> @implies 5, (a)n)—> Oy (a))fork ep.

If is sufficient to choose a)nina?_ since O, (a)n ) €[-1,0], so, there exists a subsequence
5. (w,)— A, €[-1,0]fork e p.
We have, lim min &, (@, )< 4, < lim max fork e p.
Also by lemma-3.2,{w/J, (a))zt}is a closed set for all real t. Therefore, O, (a))fork € pis lower
semicontinous and we have, lim min &, (@, )> &, (w)Fork €N .
Again by lemma-3.3, &, (a))S A fork e p. Thus lim min 8, (@, )= 4, =6, (w)fork € p.
Hence there is a subsequence &, (a)nj )_> lim max &, (@, )-
Also by lemma-3.3 implies, &, ()= lim max &, (e, )
Therefore, lim min 8, (@, )= 5, (@)= lim max &, (e, ) foralIK e p.

= lim 8, (@,)= 6, (w) fork € p. = &, (@)is continuous for all k € p.

Since w” for—1<a <1 is the sum of two bounded sets by theorem-1,

So @” for —1< a <0is bounded. Hence, @ satisfies all the conditions of N-fuzzy complex number.

(ii) By replacing = Z_1 + ZzbyZ) = 2_12_2 in (i), we can prove that = Z_lz_2 is a N-fuzzy complex number.

(iii) Since Z, is a N-fuzzy complex number, then so is — Z, and therefore Z, —Z, is a N-fuzzy complex
number.

a

—\}1
(iv) Since the mapping Z — 2, Z # Ois continuous and (2 ") = (Z ) .
Zl

Z,
By using theorem3.1, theorem3.3 and lemma3.1, lemma3.2, we can prove the following result;

-1
Thus Z ~ is a N-fuzzy complex number. Hence is a N-fuzzy complex number.
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Lemma 3.5:

ca —
‘z‘ =[z%for-1<a <0.

Theorem 3.6:

Let Z_l, Z_2 be N-fuzzy complex numbers. Then

s Ltz <y

+[2
v lez‘z‘zluzz‘
2
2
Proof: (i) By theorem 3.1 and lemma-3.3, we have

(6+2)|-

:{zl+zz‘/zlezf’,zzez§}

Z

/ —
ZZ

i Lo o a
‘zl+z2 = 2% +1,

o)
Also, by lemma-3.3, we have
(2 + [zl <[z +[aa] =]
— - o — e
_ Zl‘+‘22‘/21621,22622 @)
Hence from (1) and (2),
‘z+z2 s‘zl‘Jr‘zz‘forallzl,z2 eC.
22| =|az)| =[xz
(ii) We have |7172| —\"1%2/ | 7 |"1 =2
:{Z_lZ_Z/Z_lezla’Z_Zezg} 3)
Also
Py o P I v D b T et
zluzz‘ 2‘21 z,| =|z%z5] = zluzz‘/zlezl,22622j @
Hence from (3) & (4) ‘2122‘ - ZlHZZ"
(iii) We see that
—a
z - <= ol
= = Z1221 = Zf(zzl)a = Zla(zg)‘
Z2
Z /_ a5 __a
A=l ez’ z,€z, (5)
Z2
Also
J— a
‘Zl ———1\Z —a __10: o/ 1—a -1
P () = () <[
2
P |
=sl=llz, €z’ 2,ez; ©)
Z)
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2
- ‘: is proved.
Z2

Z

Z,

Conclusion:

The theory of N-fuzzy complex sets is an extension of Buckley fuzzy complex set theory. In this paper,

first time we made an attempt to introduce the different of N-fuzzy complex numbers. Thus, the N-fuzzy
complex numbers and sets are paving the way to large possibilities to future research.
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