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Abstract:

Assignment problem (AP) is a well known topic and is used very often in solving problems of
engineering and management science. In this problem &; denotes the cost for assigning the j™ job to the i"
person. The cost is usually deterministic in nature. In this paper &; has been considered to be trapezoidal and
triangular numbers denoted by &; which are more realistic and general in nature. Robust’s ranking method [14]
has been used for ranking the fuzzy numbers. The fuzzy assignment problem has been transformed into crisp
assignment problem in the linear programming problem form and solved by using Hungarian method;
Numerical examples show that the fuzzy ranking method offers an effective tool for handling the fuzzy
assignment problem.
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1. Introduction:

Assignment problem is used worldwide in solving real world problems. An assignment problem plays
an important role in industry and other applications. In an assignment problem, n jobs are to be performed by n
persons depending on their efficiency to do the job. We assume that one person can be assigned exactly one job;
also each person can do at most one job. The problem is to find an optimum assignment so that the total cost of
performing all jobs is minimum or the total profit is maximum. In this paper, we investigate more realistic
problems, namely the assignment problem with fuzzy costs &;. Since the objectives are to minimize the total
cost or to maximize the total profit, subject to some crisp constraints, the objective function is considered also as
a fuzzy number. The method is to rank the fuzzy objective values of the objective function by some ranking
method for fuzzy numbers to find the best alternative. On the basis of this idea the Robust’s ranking method
[14] has been adopted to transform the fuzzy assignment problem to a crisp one so that the conventional solution
methods may be applied to solve assignment problem. The idea is to transform a problem with fuzzy parameters
to a crisp version in the LPP form and solve it by the simplex method. Other than the fuzzy assignment problem
other applications of this method can be tried in project scheduling, maximal flow, transportation problem etc.
Soft set theory was introduced in 1999 by Molodtsov [21] for dealing with uncertainties and it has gone through
remarkably rapid strides in the mean of algebraic structures as in [1]. Operations of soft sets have been studied
by some authors, too. Maji et. al [19] presented some definitions on soft sets and based on the analysis of several
operations on soft sets. Sezgin and Atagun [23] studied on soft set operations as well. Furthermore, soft set
relations and functions [14] and soft mappings [20] with many related concepts were discussed.

Lin and wen solved the AP with fuzzy interval number costs by a labeling algorithm [6]. In the paper
by Sakawa et.al. [10] , the authors dealt with actual problems on production and work force assignment in a
housing material manufacturer and a sub contract firm and formulated two kinds of two level programming
problems. Chen [11] proved some theorems and proposed a fuzzy assignment model that considers all
individuals to have same skills.. Wang [24] solved a similar modal by graph theory. Dubois and Fortemps [7]
surveys refinements of the ordering of solutions supplied by the max-min formulation, namely the discriminate
partial ordering and the leximin complete preordering. Different kinds of transportation problems are solved in
the articles [9,12,15,16,17] .Dominance of fuzzy numbers can be explained by many ranking methods
[5,8,13,18,19]. Of these, Robust’s ranking method [14] which satisfies the properties of compensation, linearity
and additivity. In this paper we have applied Robust’s ranking technique [14] .

2. Preliminaries:

Zadeh [1965] first introduced Fuzzy set as a mathematical way of representing impreciseness or
vagueness in everyday life.

2.1 Definition [19]: A pair (F,A) is called a soft set over U, where F is a mapping given by F : A—P(U).

In other words, a soft set over U is a parameterized family of subsets of the universe U.

Note that a soft set (F, A) can be denoted by Fa. In this case, when we define more than one soft set in some
subsets A, B, C of parameters E, the soft sets will be denoted by Fa, Fg, Fc, respectively. On the other case,
when we define more than one soft set in a subset A of the set of parameters E, the soft sets will be denoted by
Fa,Ga, Ha, respectively.
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2.2 Definition [23]: The relative complement of the soft set F5 over U is denoted by F'a, where F's : A — P(U)
is a mapping given as F'a(a) =U \Fa(a), for alla € A.
2.3 Definition [20]: Let F5 and Gg be two soft sets over U such that ANB # ®. The restricted intersection of F 5
and Gg is denoted by Fo U Gg and is defined as Fo U Gg =(H,C), where C = ANB and for all ¢ € C, H(c) =
F(c)NG(c).
2.4 Definition [23]: Let F5 and Gg be two soft sets over U such that ANB # @ . The restricted union of F, and
Gg is denoted by FAUgr Gg and is defined as FaUr Gg = (H,C),where C = ANB and for all ¢ € C, H(c) =
F(c)uG(c).
2.5 Definition [23]: Let F5 and Gg be soft sets over the common universe U and 3 be a function from A to B.
Then we can define the soft set 1 (Fa) over U, where 3! (Fn) : B—P(U) is a set valued function defined by 1!
(Fa)(b) =U{F(a) |ae Aand ¥ (a) = b}, If ¥ *(b)# ®, = 0 otherwise for all b € B. Here, 3’ (F,) is called the
soft image of Fa under 3. Moreover we can define a soft set i *(Gg) over U, where ¥ *(Gg) : A — P(U) is a
set-valued function defined by % *(Gg)(a) = G(%' (a)) for all a € A. Then, %' *(Gg) is called the soft pre image
(or inverse image) of Gg under .
2.6 Definition [23]: Let F5 and Gg be soft sets over the common universe U and 1 be a function from A to B.
Then we can define the soft set Y+(F,) over U, where i*(F,) : B—P(U) is a set-valued function defined by
P+(Fa)(b)=N{F(a) |ac Aand ' (a) = b}, if P(b) # ®,
2.7 Definition: A fuzzy set is characterized by a membership function mapping elements of a domain, space, or
universe of discourse X to the unit interval [0,1]. (i,e) A = {(X, Ha(X) ; x € X}, Here pa: X —[0,1] is a mapping
called the degree of membership function of the fuzzy set A and pa(x) is called the membership value of x € X
in the fuzzy set A. These membership grades are often represented by real numbers ranging from [0,1].
2.8 Definition : A fuzzy set A of the universe of discourse X is called a normal fuzzy set implying that there
exist at least one x € X such that pa(x) = 1.
2.9 Definition: The fuzzy set A is convex if and only if, for any x;, X, € X, the membership function of A
satisfies the inequality pia{Ax;+(1-1)x2} > min {pa(Xy), Ha(X2)}. 0<A<I.
2.10 Definition (Triangular Fuzzy Number): For a triangular fuzzy number A(x), it can be represented by
A(a,b,c ; 1) with membership function u(x) given by

(x-a)/ (b-a), a<x<b

1, x=b
HX) = | (c-x)/ (c-b), c<x<d
o , otherwise

2.11 Definition (Trapezoidal Fuzzy Number): For a trapezoidal number A(x), it can be represented by
A(a,b,c,d;1) with membership function p(x) given by
U(X) = ((x-a)/(b-a), a<x<b

1, b<x<c
(d-x)/ (d-c), c<x<d
otherwise

2.12 Definition: (a-cut of a Trapezoidal Fuzzy Number): The a-cut of a fuzzy number A(x) is defined as A(a)
= {x:ux)>a,a€ [0,1]} Addition of two fuzzy numbers can be performed as (a;,b1,¢1) + (82,b2,2) = (a1+ay,
b, +b,, ci+c,) Addition of two trapezoidal fuzzy numbers can be performed as (a;,b;,c1,d;) + (22,b,,C5,d5) =
(ar+ay,by+by,C1+C5,d;+dy)
3. Robust’s Ranking Techniques — Algorithms:

The Assignment Problem can be stated in the form of nxn cost matrix [a;] of real numbers as given in
the following table:

Jobl Job2 Job3 .Jobj JobN
Personl an A a3 R an
Person 2 Ay Ay asx K aon
Person i ai aip ai3 - jj.. ain
PersonN ant an an3 ..8nj.- ann

Mathematically assignment problem can be stated as
Minimize z= 3 ajjX;j i=12,...n;j=12,...n
Subject to
injzl i=1,2,...,n
Z Xij =1 j:1,2,...,n (1)
x; € [0,1], where x;; = 1, if the i" person is assigned the j" job
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0, otherwise
is the decision variable denoting the assignment of the person i to job j. &; is the cost of assigning the i" jog to
the i'" person. The objective is to minimize the total cost of assigning all the jobs to the available persons. (one
job to one person). When the costs or time ij are fuzzy numbers, then the total cost becomes a fuzzy number.
z=Y Y & xjwherei=12,....nandj=12,...,n.  Hence it cannot be minimized directly. For solving the
problem we defuzzify the fuzzy cost coeffients into crisp ones by a fuzzy number ranking method.
Robust’s ranking technique [10] which satisfies compensation, linearity, and additivity properties and
provides results which are consistent with human intuition. Give a convex fuzzy number &, the Robust’s
Ranking Index is defined by

1
R@E) =] 0.5 (a,", a,”)da , where (a,", a,”) is the o — level cut of the fuzzy number &.
0

In this paper we use this method for ranking the objective values. The Robust’s ranking index R(3)
gives the representative value of the fuzzy number & . It satisfies the linearity and additive property:

IfG=(E+mY and U=kA - tN , where {,mk, are constants, then we have R (G) = € R(E) +
mR(Y) and R(U) = k R(A) — t R(N).On the basis of this property the fuzzy assignment problem can be
transformed into a crisp assignment problem in Linear Programming Problem form. The ranking Technique of
the Robust is, IfR(S) <R ), then S<I i,e min {S,I} =8§

For the assignment problem (1) , with fuzzy objective function Min z = Y > R(&;) X;

Where i =1,2...,n and j = 1,2,...,n we apply Robust’s ranking method [10] (using the linearity and
assistive property) to get the minimum objective value z* from the formulation
R(z*)=minz= } > R(&;)xjwherei=1,2,...,nandj=1.2,....,n.

Subject to

inj =1,1=12,..,n

ZXij =1 ,j=1,2...,1’1 ,xij€[0,1] (2)
Where x;; = 1 , if the i" person is assigned to j job

0 otherwise.
is the decision variable denoting the assignment of the person i to j. &;; is the cost of designing the j™ job to the i
™ person. The objective is to minimize the total cost of assigning all the jobs to the available persons.
Since R(&;) are crisp values, this problem (2) is obviously the crisp assignment problem of the form (1) which
can be solved by the conventional methods, namely the Hungarian Method or Simplex method to solve the
Linear Programming problem form of the problem. Once the optimal solution x* of model (2) is found, the
optimal fuzzy objective value z* of the original problem can be calculated as z* =) " & X;* where i= 1,2,...,n
andj=1.2,..n
4. Numerical Example:
Example 1: Let us consider a Fuzzy Assignment Problem with rows representing 4 persons A,B,C,D, and
columns representing the 4 jobs Job1, Job2, Job3 and Job4, .The cost matrix [&;] is given whose elements are
Triangular fuzzy numbers. The problem is to find the optimal assignment so that the total cost of job assignment
becomes minimum
[&] =1 (510,15) (5,10,20) (5,15,20) (5,10,15)
(5,10.20)  (5,15,20) (5,10,15) (10,15,20)
(5,10.20)  (10,15,20) (10,15,20) (5,10,15)
(10,15,25) (5,10,15) (10,20,30) (10,15,25)
Solution:
In Conformation to model (2) the fuzzy assignment problem can be formulated in the following
mathematical programming form
Min {R(5,10,15)x3; + R(5,10,20)x;, + R(5,15,20)X33 + R(5,10,15)x;, + R(5,10,20)x»; + R(5,15,20)x5, +
R(5,10,15)x,3 + R(10,15,20)xp4 + R(5,10.20)x3; + R(10,15,20)x3, + R(10,15,20)x33 + R(5,10,15)x34 +
R(10,15,25)x4; + R(5,10,15)x,4, + R(10,20,30)x43 + R(10,15,25)X44}
Subject to
XX HXiatXia =1 Xy +Xor+Xar+Xe = 1
Xo1HXooHXoatXos = 1 Xip#HXop+XaotXsp = 1 3
Xa1+X3o+X3atXas =1 XyzHXogtXaatXaz = 1
Xar+XaptXagtXas =1 XpgtXoatXaatXaa =1 X; € [0,1]
Now we calculate R(5,10,15) by applying Robust’s ranking method. The membership function of the triangular
fuzzy number (5,10,15) is
H(X) = ((x-5)/5, 5<x<10
1, x=10
(15-x)/5, 10<x<I15
0, otherwise
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The o —cut of the fuzzy number (5,10,15) is (a,", a,”) = (50+5,15-50) for which

1 1
R(&;)= R(5,10,15) = [0.5 (a,", a,")da = {) 0.5(20)da = 10.

Proceeding similarly, the Robust’s ranking indices for the fuzzy costs &; are calculated as: R(a;;) = 11.25,
R(a13) = 1375, R(a14) = 10, R(a21) = 15, R(azz) = 1375, R(a23) = 10, R(a24) = 15, R(agl) = 1125, R(a32) = 15,
R(as3) =15, R(as4) = 10, R(a41) = 16.25, R(a4,) = 10, R(a43) = 20, R(as4) = 17.5. we replace these values for their
corresponding &; in (3) which resultsina convenient assignment problem in the Linear programming problem.
We solve it by Hungarian method to get the following optimal solution

X*11 =X*p=X*y =X =1
X* 102X * 132X * 145X * 01 =X * 0= X * 04 =X ¥ 31 =X * 30=X* 33=X* 11 =X*413=X* 44 = 0 with the optimal objective value R(i*) =
40 which represents the optimum total cost in other words the optimal assignment is A—1, B—3,C—4,D—2
R(z*) =20
The fuzzy optimal total cost = &;; +8,3 +834 + 84, = R(5,10,15) + R(5,10,15) + R (5,10,15) + R(5,10,15) =
R(20,40,60)

Also we find that R(z*) = 20
Example 2:

Let us consider a Fuzzy Assignment Problem with rows representing 5 persons A, B, C, D, E and
columns representing the 5 jobs Job1, Job2, Job3, Job4, Job5. The cost matrix [ij] is given whose elements are
Trapezoidal fuzzy numbers. The problem is to find the optimal assignment so that the total cost of job
assignment becomes minimum.

[&4j]= 146,79 (35710) (57,10,12) (3,469 (4,57,10)
(2,359 (57913) (4,6,912) (56,7,10) (2,35,7)
(7,9,10,12) (6,7,9,10)  (7,9,10,13) (6,7,10,13) (7,10,13,14)
(45,79 (5,7,12,15) (7,9,13,15) (2,4,10,13) (5,7,10,14)
(4,10,13,15) (3,7,9,13) (2,3,10,14) (3,7,10,13) (4,7,10,14)
Solution:

In Conformation to model (2) the fuzzy assignment problem can be formulated in the following
mathematical programming form
Min{R(4,6,7,9)x1;+R(3,5,7,10)x1,+R(5,7,10,12)X13+R(3,4,6,9)x14+R(4,5,7,10)X15+R(2,3,5,9)X21+*R(5,7,9,13) X7,
+R(4,6,9,12)%,3+R(5,6,7,10)X24+R(2,3,5,7)X,5+R(7,9,10,12) 3, +R(6,7,9,10)x3,+R(7,9,10,13) X33+R(6,7,10,13)x3
#+R(7,10,13,14)X35+R(4,5,7,9)X41+R(5,7,12,15)X4,+R(7,9,13,15)x45+R(2,4,10,13)X44+R(5,7,10,14)x,5+R(4,10,1
3,15)x5:+R(3,7,9,13)x5,+R(2,3,10,14)x55+R(3,7,10,13)x54+R(4,7,10,14)X55}

Subject to

XX HXatXia =1 Xy +Xo+Xa+Xg = 1

Xo1HXooHXogtXos = 1 Xpp#Xpp+Xao+Xsp = 1

X3+ XaptXagtXas =1 XygtXoatXastXas =1

XaHXaptXagtXas =1 XpgXoatXatXas =1 X €[0,1]
Now we calculate R(4,6,7,9) by applying Robust’s ranking method. The membership function of the
Trapezoidal fuzzy number (4, 6, 7, 9) is

nx) = (x-4) /2, 4<x<6

1, 6<x<7
9-x)/12, 7<x<9
0, otherwise

The a —cut of the fuzzy number (4, 6, 7, 9) is (a,", a,") = (20+4,9-2a) for which
1 1
R(&j)= R(4,6,7,9) = 105 (a,", a,”)da = £ 0.5(13)da = 6.5.

Proceeding similarly, the robust’s ranking indices for the fuzzy costs &;jare calculated as: R(a;2) = 6.25, R(a3) =
8.5, R(a14) =55, R(3.15) = 6.5, R(a21) =475, R(azz) = 8.5, R(az3) =155, R(a.24) =7, R(a25) = 4.25, R(agl) =9.5,
R(agz) =8, R(ag3) =9.75, R(a.34) =9, R(a35) =11, R(a41) =6.25, R(a42) =9.75, R(a43) =11, R(a44) =7.25, R(a45) =
9, R(asy) = 10.5, R(asp) = 8, R(ass) = 7.25, R(ass) =7.75, R(ass) = 8.75. We replace these values for their
corresponding a; in the convenient assignment problems in the linear programming problem. We solve it by
Hungarian method to get the following optimal solution is

X*14 = X% 5 = X*3p=X*y = X* 53 = 1
X*11 = X*1p = X*13 = X¥*15 = X1 =X¥ 0 =X¥p3 =X*pg = X¥31 =X*33= XF34=X¥35= X*g2 = X*g3 = X¥g4 = X¥g5 = X¥51 =
X*52 = X*54 = X*55 = 0 with optimal objective value R(z*) = 31.25 which represents a optimal total cost. In other
words the optimal assignment is

A—4, B—5,C—-2,D—1,E-3
The fuzzy optimal total cost is
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é.14 + é.25 + é32+é41 + é.53 = R(3,4,6,9)+ R(2,3,5,7) + R(6,7,9,10)+R(4,5,7,9) +R (2,3,10,14) =
R(17,22,37,49)
Also we find that R(z*) =31.25.
Example 3:

Let us consider a Fuzzy Assignment Problem with rows representing 4 persons A, B, C, D and columns
representing the 4 jobs Job1, Job2, Job3, Job4, The cost matrix [&;] is given whose elements are Triangular or
Trapezoidal fuzzy numbers. The problem is to find the optimal assignment so that the total cost of job
assignment becomes minimum.

[&] = ( (456100 (357) (57910) (2579
(4,7,9) (5,79,10) (4,59 (7,8,10)
(5,7,10,11) (2,57) (7,9,12,13) (2,3,4)
(2,5,7,9) (3,7,9) (45,7 (7,910,12)
Solution:

In Conformation to model (2) the fuzzy assignment problem can be formulated in the following
mathematical programming for
Min{R(4,5,6,10)x1;+R(3,5,7)x1,*+R(5,7,9,10)X13+R(2,5,7,9)X14+R(4,7,9)X21 +R(5,7,9,10)X,+R(4,5,9)x23+R(7,8,1
0)x24+R(5,7,10,11)X3;+R(2,5,7)X3,+R(7,9,12,13)X33+R(2,3,4)X34+R(2,5,7,9)X41+R(3,7,9)X4o+R(4,5,7)x43+R(7,9,1
0,12)X4s}

Subject to

XX HXeatXia =1 Xy +Xor+Xar+Xe = 1

Xo1+XootXogtXoa = 1 Xip#Xop+XaotXsy = 1

Xa1+X3oHX3atXas =1 Xia#Xpg+XaatXas = 1

XogtXaptXastXas =1 XygtXpatXaatXaa =1 X € [0,1]
Now we calculate R(4,5,6,10) by applying Robust’s ranking method. The membership function of the
trapezoidal fuzzy number (4, 5, 6, 10) is

ux) = (x-4)/1, 4<x<5

1, 5<x<6
(10x)/4, 6<x<10
0, otherwise

The o —cut of the fuzzy number (4, 5, 6, 10) is (a,", a,") = (a-+4,10-40) for which
1 1
R(&;j)= R(4,5,6,10) = [ 00.5 (a.-, a,")do =] 0.5(14 -3a)do = 6.25.

Proceeding similarly, the Robust’s Ranking Indices for the fuzzy costs &;; are calculated as: R(ai;) = 5, R(ais) =
6.75, R(a14) = 5.75, R(a1) = 6.75, R(ax2) = 7.75, R(azs) = 5.75, R(az) = 8.25, R(as1) = 7.75, R(asy) = 4.75, R(ass)
=10.25, R(ass) = 3, R(as1) = 5.75, R(as) = 6.5, R(ass) = 5.25, R(ass) = 9.5. We replace these values for their
corresponding a; in the convenient assignment problems in the linear programming problem. We solve it by
Hungarian method to get the following optimal solution is
X*19= X*p3 = X*34=X* =1
X*ll = X*13 = X*14 = X*Zl :X*zz :X*24 = X*31 :X*32: X*33: X*42:X*43:X*44:O with optlmal ObjeCtiVe value R(i*)
=19.5 which represents a optimal total cost. In other words the optimal assignment is
A—2, B—3,C—4,D—1 R(Z*)=19.5
The fuzzy optimal total cost is
81p + 8y + 834+84 = R(3,5,7)+ R(4,5,9) +R (2,3,4)+R(2,5,7,9)

=R(3,5,5,7) + R(4,5,5,9) + R(2,3,3,4)+R(2,5,7,9)

= R(11,18,20,29)
Also we find that R(z*) = 19.5.
In the above examples it has been shown that the total optimal cost obtained by our methods remains as that
obtained by defuzzifying the total fuzzy optimal cost by applying the Robust’s ranking method [10].
5. Conclusion:

In this paper, the assignment costs are considered as imprecise numbers described by fuzzy numbers
which are more realistic and general in nature. Moreover, the fuzzy assignment problem has been transformed
into crisp assignment problem using Robust’s ranking indices [10]. Numerical examples show that by this
method we can have the optimal assignment as well as the crisp and fuzzy optimal total cost. By using Robust’s
[10] ranking method we have shown that the total cost obtained is optimal. Moreover, one can conclude that the
solution of fuzzy problems can be obtained by Robust’s ranking method effectively. This technique can also be
used in solving other types of problems like, project schedules, transportation problems and network flow
problems.
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