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Abstract:

In this paper, we introduce a new kind of soft ring called Lattice fuzzy soft intersection action on a
ring. We then focused on the concepts of Lattice fuzzy soft pre image, union and intersection of a soft set. Also,
we derive its various related properties. We then study and discuss its structural characteristics.

Index Terms: Soft Set, Fuzzy Soft Ring, Non Null Soft Set, Fuzzy Soft Function & Homomorphisms
Introduction:

L.A. Zadeh [33] introduced the notion of a fuzzy subset pa Set S as a function from X into I = [0, 1].
Rosenfeld [28] applied this concept in group theory and semi group theory, and developed the theory of fuzzy
subgroups and fuzzy sub semi], replaced the valuations set [0, 1], by means of a complete lattice in an attempt to
make a generalized study of fuzzy set theory by studying L-fuzzy sets. In fact it seems in order to obtain a
complete analogy of crisp mathematics in terms of fuzzy mathematics, it is necessary to replace the valuation set
by a system having more rich algebraic structure. These concepts -groups play a major role in mathematics and
fuzzy mathematics. G.S.V Satya Saibaba [29] introduced the concept of L- fuzzy A-group and L-fuzzy A-ideal of
A-group .To solve complex problems in economy, engineering, environmental science and social science, the
methods in classical mathematics may not be successfully modeled because of various types of uncertainties.
There are some mathematical theories for dealing with uncertainties such as; fuzzy set theory [32], soft set
theory [21], fuzzy soft set theory [17] and so on. Soft set theory [21] was firstly introduced by Molodtsov in
1999 as a general mathematical tool for dealing with uncertainty. At present, research works on the soft set
theory and its applications are making progress rapidly. The operations of soft sets are defined in [1, 7, 18, 22].
The algebraic structures of soft sets have been studied by some authors [3, 10, 13, 14, 15, 16, 17]. By
embedding the ideas of fuzzy sets, many interesting applications of soft set theory have been expanded [6, 8, 28,
29, 17, 22, 25, 26, 27, 30]. And also algebraic structures of fuzzy soft sets have been studied [4, 33, 18, 20, 31,
23].

2. Preliminaries:

Throughout this paper R denotes a commutative ring and all fuzzy soft sets are considered over R.

2.1 Definition: A pair (f, A), is called a soft set over the lattice L, If f: A — P(L). Here L be the initial universe
and E be the set of parameters. Let P(L) denotes the power set of L and I denotes the set of all fuzzy sets on L.
2.2 Definition: A pair (f, A is called a fuzzy soft set over L, where f: A —I", ie. foreacha e A, f. L — lisa
fuzzy setin L.

2.3 Definition: Let (f, A) be a non-null soft set over a ring R. Then (f, A) is said to be a soft ring over R if and
only if f(a) is sub ring of R for each a € A.

2.4 Definition: Let (f, A) be a non Null fuzzy soft set over a ring R.Then (f, A) is called a fuzzy soft ring over R
If and only if f(a) = f, is a fuzzy sub ring of R. for each a € A.

(FSR1) fa(x+y) 2T {fa(x), f. ()}
(FSR2) fa(x)  >f (%)
(FSR3) fo(xy) >T{f.(X), f.(y)} forallx,yeR

2.5 Definition: Let (f, A) be a fuzzy soft set over L. The soft set (f, A), = {(f.). / a € A} for each ae [0, 1] is
called a—level soft set.
2.6 Definition: Let f, be a fuzzy soft ring in R. Let 8: R — R” be a map and define
£,2(x) = £,(6x) by defining f,”: R — [0, 1]

2.7 Definition: Let ®: X — Y and y: A —B be two functions, where A and B are parameter sets for the crisp
sets X and Y respectively.

Then the pair (O, v) is called a fuzzy soft function from X to Y.
2.8 Definition: The pre-image of (g, B) under the fuzzy soft function (®, y) denoted by (®, y)™ is the fuzzy
soft set defined by (@, y) ™ (g, B) = (®(g), y™*(B)).
2.9 Definition: Let (@, y): X —Y is a fuzzy soft function, if ® is a homomorphism from X — Y then (®, ) is
said to be fuzzy soft homomorphism. If @ is a isomorphism from X — Y and y is 1 — 1 mapping from Aonto B
then (@, ) is said to be fuzzy soft isomorphism.
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3. Some Important Results:
3.1 Proposition:
Let f, be a fuzzy soft ring of R then
(i) fa(x) <f,(0) for all x €R, the subset
(i) Rf,= {x eR/fy(x) =f,(0)} is a fuzzy soft ring of R.
Proof:
Let x €G, then
(FSR1) fa(x +y) =T {fu(X), fu(y)}= T { fa(X), fa(-=3)} fa () + (-)) <1:(0)
This implies subdivision (i). To verify subdivision (ii), it follows that x €R f, and R f, #0.
Now let x, y €R, then (FSR2) fa(x + (-y))>T{fa(x), f.(-¥)}= T {fa(x), fa(y)}= T {f(0), f.(0)}= £:(0)
But, from subdivision (i), f.(x) < f,(0) for all X, y e R and so f,(x + (-y)) = f.(0). Which then x + (-y) X,
y € R f, is fuzzy soft ring of R.
(FSR3) Letx,yeRf, and setting y = X, then f,(xy) > T{fa(X), fa(y)}= T {fa(X), f.(x)}= T {f:(0), f,(0)}= f,(0)
Therefore f, is a fuzzy soft ring over R.
3.2 Corollary:
Let R be a finite ring and f, be a fuzzy soft ring of R. Consider the subset H of R givenby H={x e R/
fa(xX) = f,(0) .Then H is called crisp sub ring of R.
3.3 Proposition:
Let f, and f, be two fuzzy soft rings of R then f, N f, is fuzzy soft ring of R.
Proof:
Let X,y eR
(FSR1) (faN o) (x+y) =T {fa(x +y), fo(x + y)}
>TA{T £, T} T{fe(x), fu(y) }
>T{T {fa(x), fa(y), Fo(X), Fo(y)}}
>T{T { (%), To(W)}, T{(Y), fo(V)}}
=T {(fa N fo)(x), (fa N fo)(Y) }
FSR1 satisfied in R

(FSR2) (fan fo) (%) =T {fa(x), fu(2)}=> T {fa(X), fu(x)}=>{(fa N f)(x)

(FSR3) (BN fo) (xy) =T {fa(xy), fy)IT LT {fa(3), uy)} T{H(X), fo(y)}}
T{T{f.(x). fa)} fu(X), fo(y) 3}

T{T{f.(). 10}, T{f(y), fuo(y)}}

T{(fNf) X, (FNf) W)}

VvV IV IV

Hence f, N f, is fuzzy soft ring of R
3.4 Proposition:
If f,is fuzzy soft ring of R then the non-empty level subset U (f;; t) is fuzzy soft ring for all t € I, ().
Proof:
Let f, be a fuzzy soft ringand t € I,, (f,).
Now X, y €U (f5; t), we have fy(x) > t, fi(y) > t.
(FSR1) fa(x +y) >T { f,(X), fa(y)}>T {t, t}>t So, which implies x +y € U (f,; t).
(FSR2) fu(—x) >fy(x)>t Therefore —x €U (f3; t).
(FSR3) faxy) =T {fax), fa(y)}=T {t, t}>t. Therefore x, y € U (f;; t).
3.5 Proposition:
If f, is a fuzzy soft ring of R and defined by f,"(x) = fy(x) + 1 — f,(0), for all x € R, then f," (x) is normal
fuzzy soft ring of R which contains f,.
Proof:
For any X, y € R. It follows that f,"(x) = f,(x) + 1 —f,(0)
(FSR1) f." (x +y)=f. (x +y) + 1 — F(02T {{ fu(x), a(y)}+ 1 — f2(0)}=T {{ f(x) + 1 — 1o(0), fuly) +1 -
£(0),)>T { £.°(%), f." ()}
(FSR2) f." (-x) =fu () + 1 - f(0)>Fo(X) + 1 — F(0)>F,"(x)
(FSR3) f," (xy) =fa (xy) + 1~ f(0)=T {{ fu(x), fa()}+ 1 ~ Ta(0)} =T {{ fu(x) + 1~ 1(0), fuly) + 1~ f(0)}>T
{1’ (), f." ()}
It gives that f,"is normal fuzzy soft ring of R.
3.6 Proposition:

If {fai Yie f, is a family of fuzzy soft rings of R, then N fai is fuzzy soft ring of R, whose fai = {(x,
Afai (X) / x A R}, where i f,.

Proof:
Let x, y € R, then for i €f, It follows that

(FSR1) Nfg (x+y) = Afy x+y)=T {fy, (), fa; MI=ZT {Afy, (0. ATy, (32T {Nfy, (), NTa; ()}
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(FSR2) N fai (—x)= Afai (x)> Afai (=N fai X)
(FSR3) Nfy; (xy) = Afy (xy)=T {fa; X), fa; MI=ZT {Afy, (), Afy, (V)

>T{N fai (x), N fai (y)}-Therefore, N fai is fuzzy soft ring of R.
3.7 Proposition:

If f, is a fuzzy soft ring of R then fg is a fuzzy soft ring of R.

Proof:
Let x, y € R. then
(FSR1) fg (x+y) =1-f, (x+y)21 - T {f (x), f. ()}
<S{1-f.(x), 1-f. (IS {5 (x), 5 ()}
(FSR2) 5 (-x) =1-f, ()< 1-f, ()< f§ %)
(FSR3) fg (xy) =1—f (xy)<L - T {f, (x), fa (v)}

<S{1-f.(x), 1-f. (IS {5 (x), 5 ()}

Therefore, fg is fuzzy soft ring of R.

3.8 Proposition:
Let f, and f, be two fuzzy soft ring of R then f, U f, is fuzzy soft ring of R.

Proof:
Let x, y €R, then

(FSR1) (faUf) (x+y) =S{fa(x+y), o (x+Yy)}
2S{T{f() W} THh®, bW}
>T{S{f.(x), fa (y), fo (X), o (V)}}
> TL{S{f(x), fy )} S{f (¥). f» (V)}}

>T{(fUf) (), (faUf) ¥}

(FSR2) (fa U fo) (-x) =S{fi (%), fo (x)}=S{fa (x), fo (X)}
>(faUfy) (X)

(FSR3) (fa U fp) (xy) =S{f. (xy), fo (xy)}

=S{T{fa(x), (M} T{f (). ()}}
=T {S (fa (x), fa(y), fo (%), fo ()}
>T{S{fa(), T )} S{fa (¥). o (N}}
>T{(faUf) (x), (. UTy) ()}
Therefore, f, U f, is fuzzy soft ring of R.
3.9 Proposition:
Let f, and f, be two fuzzy soft rings of R then f, x f, is fuzzy soft ring of R.

Proof:
Let X, y € R. then

(FSR1) (faxf) (x+y) =T{fa(x+y) f (x+Yy)}
2T{T{f ). fa(W} T{{f (X, fo (V)}}
>T{T{f(x), fa(y), fo (), fo ()}}
>T{T{f (), f O}, T{f (v), o (V)}}
>T{(faxfp) (x), (faxfy) (¥)}

(FSR2) (fa x fp) (-x) =T{fa (%), fo (=T {fa (X), Ty (x)}= (fa x 1) (X)

(FSR3) (fa x ) (xy) =T{fa(xy), fo (xy)}

>T{T{f.(x). .M} T{H X e (I}
>T{T{f.(x). fa(¥), o (0. fo ()3}
>T{T{f.(x) o 0O} T{f (¥), f (V)}}
>T{(faxf) (%), (fax ) ()}
Therefore, f, x f; is fuzzy soft ring of R.
3.10 Proposition:
If fal, f

ays s fan be fuzzy soft ring of the rings Ry, Ry, ... , R, respectively then fal x fa2 X ...

X fan is fuzzy soft ring of Ry X R, X ... X Ry,

Proof:
Let X = (Xl, X2y oev s Xn)' Y= (yll Y2, .. s Yn) eR
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(FSRL)  (fa, % fa, oo x fa )X+ Y)= (Fay x Fap % oo % fa ) (60 X v X0) * (Vi Vs oee s )
=(fag x fa, x o < fa ) (it yn Xe+yz, oo Xatyn)
=T{fa ity fa, e +y2) ..., fa (%0 + o)}
>T{T{fa, %), fa; Y} T{fa, %) fa, ¥}, ... . T {faq, (%), fa, (V)}}
>T{T{fa (x). fa, x2) ..., T (), fa; V). fa, v2) ., Fa (V)33
>T{T{fa, x0). fa, x2) ..., T ()} T{fa, (V). fa, 0v2) ..., fa, (W3}

ET{(falx fazx o X fan )(X]_, XZ,...,Xn),(falx fazx o X fan )(y]_, yz,...,yn)}
FSR1 satisfied in Ry x R, x ... xR,.
(FSRZ) (fal X faz X .oX fan ) (*X) = (fal X faz X ..o X fan ) (*(X]_, Xoy oen s Xn))

= (fal x fa2 X ..x fan ) (Xe, =Xy oon, — Xn)
=T{fy (x1). fa, (x2), .o, Ty (0}
>T{fa, x1), fa, (), ..., fa (x0)}
z(fa1 X fa2 X ...0X fan ) (X1, X2, ... , Xn)
>(fay % fa, x . x fa ) (X)
(FSR3) (fa, x fa,x ... x T ) (xy) =(fag x fay x o x fa ) (ke X, s %) (Vi Y2, oo W)
= (fal x fa2 X ... x fan ) (X1 Y1, X2 Y2, oov s Xn Vo)
>T{ fa, (ayn) fa, (e ¥2), - fa, (o)}
>T{T{fa, (). fa; Y} T{fa, %), fa, ¥} ... T {fq (%), fa, (V)}}
>T{T{fa, %), fa, %) ..., T (x), fa; V). fa, v2) o, Fa (V)33
>T{T{fa, x0). fa, x2) ..., Tq ()} T{Fa, V1), fa, 0v2) ..., fa, (W3}
>T{(fa; x fa, o x T ) (uxe, o xn)(Fay % oy o < fq ) v ve, oo v}
>T {(Fay * fa, * o % fa_ ) (Qu(Fay % fap x oo x fa ) ()}
Therefore, (fa, x fa, x ... x fa isfuzzy softring of Ry x R x ... xRy

3.11 Proposition:

Let R and R" be two ring and 8:R — R’ be a soft homomorphism. If f, is a fuzzy soft ring of R then
the pre-image 6 () is fuzzy soft ring of R.
Proof:

Assume that f, is fuzzy soft ring of R". Let x, y € R.

(FSRD) pg g ) (<) = g, 0 +Y)= Iy, (Ox +0'y) >T {ug, (6), py, (0)}
2T{ “9—1(fb) (X)! He—l(fb) (y)

(FSRZ) He—l(fb) (7X) = Hfb 0 (7X)2 Hfb e(x)2 “’e—l(fb) (X)

(FSR) gy (XY) = He, 0 ()= by, (0) (9T {ug, 000y, 03T £ by 09, gt g

\)}-
3.12 Proposition:

Let 0: R — R be an epimorphism and f, be fuzzy soft set in R". If 6*(f,) is fuzzy soft ring of R then
fy is fuzzy soft ring of R.
Proof:

Let x, y € R. Then there exist a, b € R such that 8 (a) =x, 6 (b) = y. It follows that.

(FSR1)  ug(f,) (X+Y) = Mg 6 (X +Y)= By (0x+0y)>T {1g, (6X), K, ()}
=T { Mo(f,) () Hocf,) (N}
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(FSR2)  Ho(f,) (%) = M, 0 (02 P, 09 2 Hg(f,) (%)
(FSR3)  ug(f,) (xV) = My, 0 (xY)= by, (6x) ()

>T {ug, (6X), 1y, (6Y)}

>T { g, 0(%), K, 6(Y)}

=T { vp(r,) (9, kocr,) WX

Therefore 8(fy) is fuzzy soft ring of R.
4. Fuzzy Soft Homomorphisms:
4.1Proposition:

If f, is fuzzy soft ring of R and 6:R — R” be a soft homomorphism of R then the fuzzy soft set ff =
{(x, ff (X)) / x € R} is fuzzy soft ring of R.

Proof:
Letx,yeR.
(FSR1) fd (x+y) = 1,0 (X + y)= f, (0x + 0y)=T {f, (0%), T, Oy)} =T {2 (), 7 (v)}
(FSR2) £9 (%) =£,(0 (%)=, (0x)= T (%)
(FSR3) f2 (xy)= f,(0(x y))= f. ((0x) Oy)= T {F, (0%), f. Oy)}=T {2 (), 2 (v)}

Therefore, ff is fuzzy soft ring of R.

4.2 Proposition:
Let f, be a fuzzy soft set over L, then f, is fuzzy soft ring over L if and only if for all a € A and for
arbitrary ae [0, 1] with (f,) # 0, then o— level soft set (f,) is fuzzy soft ring over L.
Proof:
Let f, be fuzzy soft ring over L. Then for each a € A, f, is a fuzzy sub ring of L. For arbitrary ae [0, 1],
(f) #0. Let x, y € (f,). Then fy(x) >a and f,(y) >a.
(FSR1) (fo (X +y) >T{(f) (%), (f) MI=T {fa(x), fa(y) }2T {a,a}> 0
Therefore, X +y € (fy),
(FSR2) (f)a ()2{(f2)o (%) 2(fa)o ()20
Therefore, — x €(fy),
(FSR3) (f)e XY)ZT {(f)e (%), (f) MI=T {fa (¥), fa(y) }=T {o,0}> 0
Therefore, xy e (f,), Therefore (f,) is a fuzzy soft ring of R.
4.3 Proposition:
Every imaginable fuzzy soft ring p of R is fuzzy soft ring of R.
Proof:
Assume that p is imaginable fuzzy soft ring of R. Then we have u (x + y) > T {u (x), pn (y)} and
L(=x)>px), Lxy)> T{u ), n(y)} for all x, y € R.Since p is imaginable, we have.
min {p (x), p (Y)}=T { min {p (x), p (y)}, min {p (x), p(Y)}=2T {p ), p(y)}zmin {p(x), p(y)}

and soT {p (x), u (y)} = min {n(x), n(y)}
It follows that p (x +y) >T{u (x), pu (y)} for all x, y € R.Hence p is fuzzy soft ring of R.

4.4 Proposition:

If p is fuzzy soft ring of R and 6 is endomorphism of R then u[e] is fuzzy soft ring of R.
Proof:

Forany x, y € R, we have
(FSR1) W (xty)) =@t y)= i Ox + 0= T {u(Ox), 1 Oy)1= T {00, 1 )}
(FsR2) () =1 (0 (x)z (0= 19

(FSR3) ¥ (xy) =10 (x y)= 1 ((6x) (Oy) T {u(6x), u (0y)}= T L% (), ul )3

(6]

Therefore, p- is fuzzy soft ring of R.

4.5 Proposition:

Let T be a continuous t-norms and let f be a soft homomorphism on R. If u is fuzzy soft ring of R then
u’is fuzzy soft ring of f(R).
Proof:

Let A; = f2(y) and A, = f1(y,) and

A= Ty + y2). Where yi, , f(R).
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Consider the set.

A+ A, ={xeR/x=a; +a,}, for some a; €A; and a, €A,

If x € Ay + A, then X = X; + X, for some Xx; €A; and X, eA,. So that we have

f(x) = f(x1) + f(x) =y; + y.Therefore, x € 1 (Y1 +V¥2) = Apa.Thus Ay + Ay €A,

It follows that

(FSR1)  w'ai+y)  =sup {()/xef™ (yi+yn)=sup (n(x)/x cAp}
=sup{n(x)/xeA1+Ay }
=sup {p (X1t Xp) [ X1 € Ay Xp€ A2 }
Since T is continuous, therefore for every € > 0, we see that if
Sup {{}l (Xl) /Xl € Al} + X;* <6 and Sup {{u (Xz) / X2 € Az} + X,* < 9.
T { Sup {{p (X1) / X1 € Ar}, Sup {{n(X2) / X2 € Ag}} + T (Xi*, X*) <e.
Choose a; €A; and a, €A, such thatSup {{p (X1) / X1 €A} + p (a) < 6.and
Sup { {1 (X2) / X € Ag} + 1 (ap) <.
T{ Sup {{p (X1) / Xs € Ar}, Sup {{p (X2) / X2 €Ax}} + T ( (1), 1 (32)) <€
Consequently, we have
u (y1+y2) >sup {T {1 (X0), p (X2) / X1 € Ag, X € A2 }}
>{sup {n (X1)/ X1 € Ag}, sup { p (%) / X2 € Ao }}
>T{u" (y0), n' (v2) }
Similarly, we can show that, p' (—x) > p" (x), and ' (xy) > T{u" (X), n" ()}
Hence p' is fuzzy soft ring of f(R).
4.6 Proposition: Onto homomorphic image of fuzzy soft ring with sup-property is fuzzy soft ring of R.
Proof:
Let f: R — R’ be an onto homomorphism of rings and p be a sup property of fuzzy soft ring of R. Let
X',y €R and x, f*(x") and y, € f*(y") be such that
H(X)=supp(h) and  p(yo)=sup p(h)

he f1(x) he f1(y)
respectively, then we can deduce that
(FSRL) W' (X +y)  =supu(

ze f1(x +y)
>T {u(Xo), (Yo)}
=T {supp(h), sup p(h) }
he f1(x) he f1(y)
>T{u'(x), 1" ()}
(FSR2) ' (-x) = sup u (2)

A%
-:—o.
—_

x
N

(FSR3) u' (X'Y") = sup p (2)
ze f1(xy)
>T {n(xo), n(yo)}
=T {supp(h), supp(h) }
he f1(x) he f1(y)
>T {u" (X)), u" (y)}.Therefore p"is fuzzy soft ring of R".
4.7 Proposition:
Let f, be a fuzzy soft ring over R and (®, ) be a fuzzy soft homomorphism from R to R". Then
(@, y) fa is fuzzy soft ring over R".
Proof:
Letk e (y)f,and yy, yo €Y. If @ (y)=® or O (y)=d.
The proof is straight forward.
4.8 Proposition:
Let g, be a fuzzy soft ring over R” and (® ,y) be a fuzzy soft homomorphism from R to R’, then

(0, w) " gy is fuzzy soft ring over R.

Proof:
Let a € y*(B) and x4, X, €X.
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(FSR1) D™ (ga) (X1 + X)) =g (@ (X1 . Xy)
=0@ (fb1 (X1) - ‘D(Xz))li T{ 9@ O(X1) - 9o @ (%2)}
2T {07 () (X1), @7 (9a) (X2)}

and similarly, we have

D7 (ga) (%) = @™ (ga) () and D™ (ga) (X1 X2) = {@™ (Ga) (X1), D™ () (%)
Therefore, (9, \|1)7l gy is fuzzy soft ring over R.

Conclusion:

Here, we define of fuzzy soft intersection ring R that as alternative definition to soft rings. We then
focused on the concepts of fuzzy soft homomorphism, union, product of two soft sets and study their properties.
To extend over work, further research could be done in other algebraic structures such as fields, modules as in
the case of fuzzy soft intersection ring R.
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