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Abstract:
We know that the primes in Z (hereafter referred as rational primes) are irreducible in Z i.e they don’t
have proper factorization. If R is any factorization domain such that Z is properly contained in R then are these
rational primes also irreducible in R? The answer to this question in general is No. For example, 13 is prime in Z
but 13 is not prime in Z[i] as we can write 13 as: 13 = (2 + 3i)(2 — 3i) where both 2 + 3i & 2 — 3i are irreducible
(rather non units) in Z[i]. In this paper we will see how the rational primes spilt in the ring of algebraic integers.
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1. Introduction:

An Algebraic number field is a subfield of C (field of complex numbers) of the form Q(«ay,a;,.....a,),
where ay,a,,.....a,are algebraic numbers. Let K be an algebraic number field. A basis for Ok is called an
integral basis for K. Let {a;,a,,.....2,} be an integral basis for K. Then D(aq,a,.....a;,) is called the
discriminant of K and is denoted by d(K) or dx. Moreover, in any algebraic number field K, every proper
integral ideal of O can be expressed uniquely up to order as a product of prime ideals. Let p be a rational prime.

Suppose <p> factors in O as <p>= PA'P/% ...... Pgeg , Where P, P, ... ... P, are distnict prime ideals of O lying

above p where, e; = ex(P) ;i=12,...,g. If; > 1 for some i € {1,2,....,g} then p is said to be ramify in K.
Definition 1.1: (Basis of an Ideal)

Let K be an algebraic number field of degree n. Let | be a nonzero ideal of O . If { a1,a5,....@,} isa
set of elements of | such that every element Be | can be expressed uniquely in the form as B = xja; +
X ®p ver v +X, & WhETe xq,%5,.....,0, € Z then { aq,a,,.....a, } is called a basis for the ideal I.
Definition 1.2: (Discriminant of n Elements in an Algebraic Number Field of Degree n)

Let K be an algebraic number field of degree n. Let a4,a,,.....,a, be n elements of the field K. Let o ;

1 <k < n denote the n distnict monomorphisms from K to C. For i =1,2,....,n let al.(l) = o) =a;, ai(z) =
o) ,...... , al.(") = o, (a;) denote the conjugate of a; relative to K. Then the discriminant of { @;,a,,.....a, } is
2@ gD
1 n

D(ay,a3,.....a,) = | det . :
af”) aT(L")
Definition 1.3: (Discriminant of an Ideal)

Let K be an algebraic number field of degree n. Let | be an nonzero ideal of Ok . Let { aq,ay,.....a,}
be a basis of I. Then the discriminant D(1) of the ideal | is the nonzero integer given by D(l) = D(ay,a,,.....a,).
Definition 1.4: (Index of )

Let K be an algebraic number field of degree n. Let 6 K be such that K = Q(6). Then the index of
0,denoted by ind(0) is the positive integer given by D() = D(1, 6, 67, ....,8") = (ind(0))? d(K). Note that if D(6)
is square free then ind(0) = 1 and D(0) = d(K). Thus {1, 6, 6, ....,0"} is an integral basis for K.

Definition 1.5: (Conjugates of 6 over Q)

Let 6 C be any algebraic number i.e0 is a root of some monic irreducible polynomial p(x) of least

degree over Q then the roots of p(x) are called the conjugates of 6 over Q.
Definition 1.6: (Norm of an element 6 over Q)

It is defined as product of all conjugates of 6 over Q. It is denoted by Nk o(6).
Definition 1.7: (Norm of an integral ideal)

Let K be an algebraic number field of degree n. Let | be a nonzero ideal of Ok. Then the norm of the
ideal I denoted by N(I), is the positive integer defined by N(I) = %
2. Main Section:

Let 0 be a root of x°- 5 = 0.

Let f(x) = x°- 5, is monic and irreducible over Z. [K:Q] =5=n

Then Discriminant of 6 is given by: D(8) = (-1)"™Y2 N((6))

D(6) = N(56* = N(5) N(8%) = N(5) (N(0))* =5° 5% = 5°

By definition of Index of 6, possible values of ind(6) are 1,5, 5%, 5°, 5*
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Theorem 2.1:

Let K = Q(6) be an algebraic number field of degree n >2, where 6 is an algebraic integer. If the
minimal polynomial of 6 satisfies Eisenstein Criteria for a rational prime p, then p does not divide the index of
0.

Since x°- 5 being the minimal polynomial of 0 satisfies Eisenstein Criteria for p = 5, so 5 doesn’t divide the
ind(0). Thus only possible value of ind(6) is 1. Hence D(6) = d(K).

Therefore {1,0, 6% 6% 6} is an integral basis of K.

Theorem 2.2:

Let K be an algebraic number field with [K:Q] = n. Let p be a rational prime. Suppose <p> factors in
Ok as <p>= P 1P% ... P;g , Where P;, P, ... ... P, are distnict prime ideals of Ok. Suppose that f; is the inertial

degree of P, in K. Then, e, f; + eyf5 oo tegfy =0,
Note that g <n
In present case, g <5
Ifg=5efi + exfo + e3fs tegfytesfs =5
i.e el=f1:ez=f2:e3:f3:e4:f4:e5:f5:1
Thus, <p>= Py P,P;P,P5 ; N(P;) = p
Ifg=4teifi + exfs + esfztesfy =5
WiIog, assume that e; fi=2 and e, f; =esfz=esf, =1
(el, fl) = (1,2) f (2,1) and €y = f2 =e3= f3 =e4= f4 =1
Thus, <p>= P;P,P3P, ; N(P;) = p*, N(P,) = N(P5) = N(P,) = p
Or
<p>= P{P,P3P, ; N(P;) = N(P;) = N(P3) =N(P,) = p
Ifg=3:eifi + exf; +e3fz3 =5
(e, f1) =(1,2), (2,1) and (ez, fp) = (1,2), (2,1) and (e, f3) = (1,1)
Thus, <p>= PP,y ; N(Py) = p* = N(P,), N(P3) = p

Or

<p> :P1P22P3 ;N(Pl) = pZ, N(PZ) =p= N(P3)
Or

<p>= P2P,Py i N(P) = p = N(P) , N(Py) = p°
Or

<p>= P£P#P; ; N(P;) = N(P,) = N(P3) =p

Wilog, assume that e;f; = 3 and (e, f,) = (es, f3) = (1,1)
(e, f)=(1,3), (8 ande,=f,=¢ez3=f;=1

Thus ,.<p> = P, P, P35 ; N(P;) = p°, N(P,) = N(P3) =p
Or

<p>= P P,P; ; N(P;) = N(P,) =N(P;) =p

|fg = 2161f1 + ezfz = 5

(e, f)=(1,4),(4, ) ande, =1, =1

Thus ,<p>= P, P, ; N(P;) = p*, N(P,) =p

Or

<p>= PP, ; N(P;) =N(P;) =p

Wilog, assume that e; f; =3 and e, f, =2

(e1, f1) =(1,3), (3,1) and (ez, f2) = (1,2), (2,1)
Thus, <p>= PP, ; N(P) = p*, N(P,) = p?

Or

<p>=P, P} ;N(P,) =p°, N(P,) =p
Or

<p>= PP, ;N(P,) =p, N(P;) = p?
Or

<p>=P3P? ;N(P;) =N(P,) =p
Ifg=1:e,f, =5

(e, f1) =(1,5),(5.1)

Thus, <p>= P, ; N(P,) = p°

Or

<p>= PP ;N(P) =p

Let us see how rational primes spilt in Oy
Theorem 2.3:

Let K = Q(6) be an algebraic number field of degree n such that Oy = Z[6]. Let p be a rational prime,
let f(x) = irrg0e Z[x]. Let — denote the natural map: Z[x]—>Z,[x] where Z, = Z/pZ. Let f(X) = g;*(X) g5>(X).....
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9,7 (X) where gj(x) are distnictmonic irreducibles in Z,[x], 1<i<r and ey, €,.....,eare positive integers. For i =

1,2,....r, let fi(x) be any monic polynomial of Z[x] such that f; = g;. Set P; = <p, fi(8)> ; i = 1,2,...,r. Then
P, ,P,,....., B are distnict prime ideals of Oy with <p>= P1P;? ... ... P’ and N(P;) = p%9/i ; 1<i<r.
Forp=2

x—5=(x—1) (x* + x3+ x% + x + 1) over Z,[x] and x* + x* + x? + x + 1 is irreducible over Z,

SetP; =<2,06-1>;N(P)=2

SetP,=<2,0'+0°+0%+0+1> N(P,)=2"=16

Thus <2> =P, P,

Forp=3

X°— 5= (x - 2)(x* +2°+ X% +2x + 1) over Z,[x] and x* +2x3+ x? +2x + 1 is irreducible over Z;

Set P, =<3,60-2>;N(P;) =3

Set P, =<3, 0°+ 26+ 0% + 20 + 1> ;N(P,) =3* =81

Thus, <3>=P, P,
Theorem 2.4:

Let K be an algebraic number field. Then the rational prime ramifies in K iff p divides dy. As dx = 5°
and p = 5, which is a rational prime divides dgi.e p =5 ramifies in Ok

Forp=5

x°— 5 = x° over Zs[x]

SetP=<5,06>; N(P)=5

Thus <5> = P°
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