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Abstract:

In this article we present a mathematical analysis of the steady flow of a reactive third-grade liquid between two parallel
isothermal plates. It is assumed that the reaction is exothermic under Arrhenius kinetics, neglecting the consumption of the
material. The governing simultaneous non-linear differential equations are solved using the Homotopy perturbation method
(HPM). The approximate analytical expressions of the dimensionless velocity and the dimensionless temperature fields are also
derived by using the HPM. The effects of various non-Newtonian fluid parameters on both the dimensionless velocity and
dimensionless temperature fields are constructed and discussed. Besides, skin-friction parameter and the Nusselt number are
discussed analytically and graphically. Our analytical results show satisfactory agreement when compared with established work.
Key Words: Channel Flow, Third Grade Fluid, Arrhenius Kinetics, Nusselt Number & Homotopy Perturbation Method
1. Introduction:

Many fluids show non-Newtonian behavior, and so their rheological properties are not well modeled by Navier—Stokes
equations in engineering and industrial applications [1-3]. The past few decades have witnessed significant research on flows of
non-Newtonian fluids for two principal reasons: (i) their non-linearity in the inertial part, and (ii) non-linearity in the surface
forces of the governing equations. Two crucial factors in handling non-linear forces are thermal criticality and heat transfer [5, 9].
Rajagopal [11] studied in substantial detail the general thermodynamics and stability of fluids of the differential type. His studies
had fluids of third grade as special cases. In [5], Fosdick and Rajagopal give a complete thermodynamic analysis of the
constitutive function for problems in heat transfer for fluids of third grade. Reports of similar studies for non-Newtonian fluids
can be found in [11, 15]. Mathematically, as regards non-Newtonian fluids, the thermal boundary layer equation is a nonlinear
problem. Also, thermal criticality is a complex physical process. Insight into this process can be gained by studying the long-term
behavior of the solutions in space. The present work considers steady flow of a reactive third grade liquid between two parallel
isothermal plates. The objective of this work is to derive the analytical expressions of such a flow using the Homotopy
perturbation method. The graphical and the analytical expressions of skin-friction parameter and the Nusselt number are also
discussed.

2. Mathematical Formulation of the Problem:
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Figure 1: Geometry of the Problem
We consider the steady flow of an incompressible third grade reactive fluid between two parallel isothermal plates (see
Fig. 1). The fluid motion is assumed induced by applied axial pressure gradient. The reference X -axis is parallel to the plate and
y -axis normal to it. In the case of hydrodynamically and thermally developed flow, the velocity and temperature fields depend

on yonly. Following ([4-5, 7, 9]) and neglecting the reacting viscous fluid consumption, the one-dimensional governing
equations for the momentum and heat balance are:
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Subject to the boundary conditions:
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dy dy

where the additional Arrhenius kinetics term in energy balance equation is due to [6,13]. Here T is the absolute temperature, U
the fluid characteristic velocity, TO the plate temperature, K the thermal conductivity of the material, Q the heat of reaction, A
the rate constant, E the activation energy, R the universal gas constant, CO the initial concentration of the reactant species, d

the channel half width, ,33 the material coefficient, P the modified pressure and 4 is the fluid dynamic viscosity coefficient. We

introduce the dimensionless variables into the eqns. (1) - ( 3) are as follows:
E
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The dimensionless governing equation together with the corresponding boundary conditions (neglecting the bar symbol for
clarity) are:

d?v;/+6yd2v2/[m/vj . (6)
dy dy® \ dy
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With

MW 0y=20)=0.w(1)=0, (1) =0 (8)

dy dy

Where A, €, v, Mrepresent the Frank—Kamenetskii parameter, activation energy parameter, the dimensionless non-Newtonian
parameter and the viscous heating parameter, respectively. The physical quantities of interest in this problem are the skin-friction
parameter (Cf )and the Nusselt number (Nu) which are defined as follows [1]:

al : 9
C, = __w(1 ©)
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3. Approximate Analytical Expressions of the Non-Linear Boundary Value Problem Using Homotopy Perturbation
Method:

Linear and non-linear phenomena are of fundamental importance in various fields of science and engineering. Most
models of real-life problems are still very difficult to solve. Therefore, approximate analytical solutions such as Homotopy
perturbation method (HPM) [16-23] were introduced. HPM is the most effective and convenient ones for both linear and non-
linear equations. This method is based on assuming a small parameter. The majority of non-linear problems, especially those
having strong non-linearity, have no small parameters at all and the approximate solutions obtained by the perturbation methods,
in most cases, are valid only for small values of the small parameter. Generally, the perturbation solutions are uniformly valid as
long as a scientific system parameter is small. However, we cannot rely fully on the approximations, because there is no criterion
for the existence of a small parameter. Thus, it is essential to check the validity of the approximations numerically and/or
experimentally. HPM was proposed to overcome these difficulties.

Recently, many authors have applied HPM to solve the non-linear boundary value problem in physics and engineering
sciences [16-19]. HPM is also used to solve some of the non-linear problem in physical sciences [16-18]. This method is a
combination of Homotopy in topology and classic perturbation techniques. Ji-Huan He used HPM to solve the Lighthill equation
[20], the Diffusion equation [21] and the Blasius equation [22]. HPM is unique in its applicability, accuracy and efficiency.
Homotopy perturbation method uses the imbedding parameter p as a small parameter, and only a few iterations are needed to
search for an asymptotic solution. The approximate analytical expressions of the eqns. (6)- (8) using the Homotopy perturbation
method is as follows [23-26]:

W(y)= - y?) arr+ry?) (11)
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The analytical expressions of the skin-friction parameter and the Nusselt number respectively using the egns. (9) and (10) are as
follows:

C, =(1+2y) (14)
2 3 2 3 4 5
Nu=}»+k7_27» e+m+6kmy 20my +167»my +64me +32ky (15)
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4. Previous Work:
The approximate analytical solutions for the dimensionless velocity and dimensionless temperature fields using the

Hermite-Pade’ approximations are as follows ([1, 7-10, 13-14] ):
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5. Results and Discussion:
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Figure 2: Dimensionless velocity W('y) versus the dimensionless distance y . The velocity profiles are computed using the egn.
(11) for various values of the dimensionless non -Newtonian parameter 7.
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Figure 3: Dimensionless temperature O( y ) versus the dimensionless distance Y . The temperature profiles are computed by

using the egns. (11) and (12) for various values of the Frank- Kamenetskii parameter A and in some fixed values of the other
dimensionless parameters.
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Figure 4: Dimensionless Temperature ©('y ) profile versus the dimensionless distance Y . The temperature profiles are
computed using the eqns. (11) and (12) for various values of the viscous heating parameter M and in some fixed values of the
other dimensionless parameters, for various values of the Frank- Kamenetskii parameter A :(a) A = 0.1 (b) A =0.15 and (c)

A =0.3.
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Figure 5: Dimensionless Temperature @(y) profile versus the dimensionless distance Y . The temperature profiles are computed
using the egns. (11) and (12) for various values of the dimensionless non- Newtonian parameter y and in some fixed values of the

other dimensionless parameters, and various values of the Frank- Kamenetskii parameter A.: (a) A = 0.1 (b) A = 0.15 and (c)
A =0.3.
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Figure 6: Variation of the dimensionless skin-friction parameter C, with respect to the dimensionless non-Newtonian parameter
Y using the egn (14).
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Figure 7: Variation of the Nusselt number NU versus the dimensionless Frank- Kamenetskii parameter A.. The curves are

plotted using the eqn.(15) for various values of the dimensionless viscous heating parameter M and in some fixed values of the
other dimensionless parameters.
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Figure 8: Variation of the Nusselt number NU versus the dimensionless Frank- Kamenetskii parameter A. The curves are
plotted using the eqn.(15) for various values of the dimensionless non- Newtonian parameter Y and in some fixed values of the
other dimensionless parameters.
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Figure 9: Variation of the Nusselt number NU versus the dimensionless Frank- Kamenetskii parameter A. The curves are

plotted using the egn.(15) for various values of the dimensionless activation energy parameter € and in some fixed values of the
other dimensionless parameters.
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Figure 10: Variation of the Nusselt number NU versus the dimensionless non-Newtonian parameter . The curves are plotted

using the eqn.(15) for various values of the dimensionless viscous heating parameter M and in some fixed values of the other
dimensionless parameters.
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Figure 11: Variation of the Nusselt number NU versus the dimensionless non-Newtonian parameter . The curves are plotted
using the eqn.(15) for various values of the dimensionless Frank- Kamenetskii parameter A and in some fixed values of the other
dimensionless parameters.
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Figure 12: Variation of the Nusselt number NU versus the dimensionless non-Newtonian parameter . The curves are plotted

using the eqn.(15) for various values of the dimensionless activation energy parameter € and in some fixed values of the other
dimensionless parameters.
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Figure 1 represents the steady flow of an incompressible third grade reactive fluid placed between two parallel isothermal
plates. Fig. 2 shows the dimensionless velocity W ( 'y ) versus the dimensionless distance Y. From Fig.1, it is evident that, when

the dimensionless non- Newtonian parameter y increases the corresponding dimensionless velocity W ('y ) decreases. Figure 3
through figure 5 show the dimensionless temperature @('y) versus the dimensionless distance Y. From figure 3 it is noted that

when the dimensionless Frank- Kamenetskii parameter A increases, the corresponding temperature also increases in some fixed
values of the other dimensionless parameters like activation energy parameter €, non- Newtonian parameter y and the viscous

heating parameter M. From figures 4(a) through 4(c), it is observed that when the viscous heating parameter M increases the
dimensionless temperatures @( Yy )also increases in some fixed values of the other dimensionless parameters. From figures 5(a)

through 5(c), it follows that when the dimensionless non-Newtonian parameter y increases, the temperature profiles 8('y) also
increases in some fixed values of the other dimensionless parameters. Fig. 6 is the variation of the dimensionless skin-friction
parameter Cf with respect to the dimensionless non-Newtonian parameter y. Figure 7 through figure 10 indicate the Nusselt

number NU versus the dimensionless Frank- Kamenetskii parameter A. From figure7, it is understand that when dimensionless

viscous heating parameter M increases the Nusselt number NU also increases in some fixed values of the other dimensionless
parameters. From figure 8, it is evident that when the dimensionless non-Newtonian parameter y increases the corresponding

Nusselt number NU also increases in some fixed values of the other dimensionless parameters. From figure 9, it is observed that

when the dimensionless activation energy parameter e increases, the Nusselt number NU  also increases and it coincides for
all values of e in some fixed values of the other dimensionless parameters. Figure 10 through figure 12 demonstrates that the

Nusselt number NU versus the dimensionless non-Newtonian parameter y. From figure 10, it is inferred that when the

dimensionless viscous heating parameter M increases the Nusselt number NU also increases in some fixed values of the other
dimensionless parameters. From figure 11, it is noticed that when the dimensionless Frank- Kamenetskii parameter A increases
the Nusselt number NU also increases in some fixed values of the other dimensionless parameters. From figure 12, it is evident

that when the dimensionless activation energy parameter e increases the Nusselt number NU also increases and it coincides for
all values of e in some fixed values of the other dimensionless parameters.
6. Conclusion:

The non-linear boundary value problem for the steady flow of a reactive third-grade liquid between parallel isothermal
plates has been solved analytically and compared with the Hermite-Pade approximation. The approximate analytical expressions
of the dimensionless velocity and dimensionless temperature profiles can be derived by using the Homotopy perturbation method.
The graphical representation of the fluid flow is also discussed. Also the mathematical expressions of the dimensionless skin-
frication parameter and the Nusselt numbers are derived analytically and graphically. A satisfactory agreement is noted between
these two methods. The main contributions to knowledge in this paper are:

v" An increase in the non-Newtonian material parameter decreases the dimensionless velocity within the flow channel; and
v" An increase in the non-Newtonian material parameter increases the dimensionless temperature profiles within the flow
channel.
The Homotopy perturbation method is an extremely simple as well as a promising method to solve other strongly non-linear
boundary value problem in science and engineering.
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Appendix: A

Basic Concept of the Homotopy Perturbation Method:
To explain this method, let us consider the following function:

Do(u)_

f(r)=0, reQ (A1)

with the boundary conditions of
B,(u,2%)=0, rer (A2)
on

Where D0 is a general differential operator, B0 is a boundary operator, f(r) is a known analytical function and T" is the

boundary of the domain €2 . In general, the operator D0 can be divided into a linear part L and a non-linear part N .
The egn. (A.1) can therefore be written as

L(u)+ N(u)—f(r)=0 (A.3)
By the Homotopy technique, we construct a Homotopy V(r, p) : Q2x [0.1] — R that satisfies
H(v,p)=(1-p)[L(v)—L(uy )]+ p[D,(v)-f(r)]=0 (A.4)
H(v,p)=L(v)—L(uy)+ pL(us )+ p[N(v)-f(r)] =0 (A5)

where pe[0, 1] is an embedding parameter, and U, is an initial approximation of the eqn. (A.1) that satisfies the boundary
conditions. From the egns. (A.4) and (A.5), we have
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H(v0)=L(v)-L(u,)=0 (A.6)

H(v1)=D,(v)- f(r)=0 (A7)

When p=0, egn. (A.4) and egn. (A.5) become linear equations. When p =1, they become non-linear equations. The process of
changing p from zero to unity is that of L(V)—L(U,)=0 toD,(Vv)— f(r)=0. we first use the embedding parameter p
as a small parameter and assume that the solutions of eqn. (A.4) and egn. (A.5) can be written as a power series in p :

V=V, + pv, + PV, + ... (A.8)

Setting p =1 results in the approximate solution of egn. (A.1):

u=limv=vy+v,+V, +... (A.9)
p—)l
This is the basic idea of the HPM.
Appendix: B
Analytical Expression of the Non-Linear Boundary Value Problem Eqgns. (6)-(8) using the Homotopy Perturbation
Method:
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When €0 is small, then the egn. (B.2) can be written as

Py I 2 4

99 (1+9—892)+m[dWJ +2my(dwj }o (B.3)
dy dy dy
We construct the Homotopy for the egns. (B.1) and (B.3) are as follows:

2 2 2 2
(1-p) dV2\/+1 =hp dV;/+6de;/ aw +1 (B.4)
dy dy dy” \ dy
(1-p) d26+7» + d29+x (1+6-e0%)+m aw 2+2m aw 4 =0 (B.5)
% "lay? dy ay) ||~

The approximate solution of the eqgns. (3.4.2.3) and (3.4.2.4) are as follows:
W =W, + pW, + p*W, +..... (B.6)
0=0,+ po, + p°0, +.... (B.7)
The initial approximations are as follows:
W,(0)=0;W,(1)=0, 6,(0)=0;0,(1)=0, (B.8)
W, (0)=0;W,(1)=0, 6,(0)=0;0,(1)=0, i=123,... (B.9)

Substituting the egns. (B.6) and (B.7) into the egns. (B.4) and (B.5) we get

d?(W, + pW, + p°W, +...)
i (B.10)
2 2 , , .
(1- p)[d (W, + pW, + p WZ*'")+1}+ ) +6y[d (W, + W, + pW, +...)J .
dy dy
2
[d(Wo + pWa;- p*W, + )J o
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[d2(0, + po, + p20, +....)
dy?
1+(6 0 20, + ...
+7{ +((e° N pel+ pzez ’ ;2] (B.11)
2 2 —& +po,+p +...
(1—p)(d (90+p91tp92+....)+x]+p 0 1 2 =0
dy [d(wo + pW, + p2W, + )]
+m
dy
2 4
+2my[d(W° + pW, + p2W, + )]
- dy -
Comparing the coefficients of like powers P in the egns. (B.10) and (B.11) we get
2)
p°: d VZV +1=0 (B.12)
dy
d?e
pO : > +1=0 (813)
dy
daw, |dw d2w, \(dw )’
Pt +6v( ZOJ[J +1[=0 (B.14)
dy dy dy dy
2 2 4
ot e;+ M0, —H2)+mh Mo )y omyaf e ) 2o (B.15)
dy dy dy

Solving the eqgns. (B.12), (B.13), (B.14), (B.15) and using the boundary conditions (B.8) and (B.9) we can obtain the following
results:

W,(y)= (1_2y2 ) (B.16)
W, (y)= %(1— y*) (B.17)
0,(y) =75 (1-y?) 819

2 3 2 2 3 4 3 6
o L) [ g a3

8\ (48 64 (B.19)
_4}\/ 2_16 2}\/ yi_i }\‘ 3 10_7 7\’ 4,12
e anm a0 an]( £ - (30 6 y)- (55 oty
32
1 2= 16y v*)+B
(182)( s
According to the HPM, we conclude that
W = lim W =Wy +Wj +... (B.20)
p—l
O=1mo=0,+6 +.. (B.21)
p—1

After putting the eqns. (B.16) and (B.17) into the eqn. (B.20) and (B.18) and (B.19) into the eqn. (B.21) we get the solutions in the
text egns. (11) - (13).

Appendix: C

Nomenclature:

Symbol Meaning
Dimensionless distance

Dimensionless velocity
Dimensionless temperature
Absolute Temperature
Fluid characteristic velocity

ClH|lo|=|<
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T, Plate temperature

k Thermal conductivity of the material
Q Heat of reaction

A Rate Constant

E Activation Energy

R Universal Gas Constant
C0 The initial concentration of the reactant species
a Channel Half Width

By Material Coefficient

P Modified Pressure

H Fluid dynamic viscosity coefficient

A Frank- Kamenetskii parameter

S Action energy parameter

Y Dimensionless non-Newtonian parameter
m Dimensionless viscous heating parameter
C; Skin- Friction Parameter

Nu Nusselt Number

l, Shear Stress

Oy Heat flux evaluated at the wall

U(r) Local representation of an algebraic function of A

H Constant

A, Critical Point

a Exponent
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