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Abstract: 

            The notion of cubic soft sets P-union, P-intersection, are introduced and their related properties are 

investigated. We discussed about the commutative and absorption property along with examples and also 

discussed the internal and external cubic soft sets. 
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1. Introduction: 

      In order to deal with many complicated problems in the fields of engineering, social science, economic, 

medical science, agriculture, etc., involving uncertainties, classical methods are found to be inadequate in recent 

time. Molodtsov [4] pointed out that the important existing theories viz. Probability theory, fuzzy set theory etc, 

which can be considered as mathematical tools for dealing with uncertainties have their own difficulties. Maji 

et. al[3] worked on some new operations in soft set theory. Chinnadurai and anu [1] discussed some 

characterization on operations in soft sets. 

2. Preliminaries: 

Definition: 2.1 

             A pair  IF ,
~  is called cubic soft set over X if and only if F

~
is a mapping of I  E  into the set of all 

cubic sets in X, i.e.,  XCPIF :
~

 where I is any subset of parameter’s set E, X is an initial universe set and 

 XCP  is the collection of all cubic sets in X. Here we denote and define cubic soft set as     ieFIF
~

,
~

𝒜      IeXxxxAx iee ii
 ;,,  in this set corresponding to each Iei  , 𝒜     XxxxAx

ii ee  ;,,   

is a cubic set in X in which  xA
ie

 is an interval valued fuzzy set (briefly, an IVF set) and  x
ie  is a fuzzy set. 

Definition: 2.2 

          A cubic soft set  IF ,
~

 is said to be an internal cubic soft set (ICSS), if for all Iei    E  (E is set of 

parameters)  ieF
~

 𝒜 is so that IexAxxA ieee iii
  ).()()(   and Xx .  

Definition: 2.3 

          A cubic soft set  IF ,
~

 is said to be an external cubic soft set (ECSS), if for all Iei    E  (E is set of 

parameters)  ieF
~

 𝒜 is so that  IexAxAx ieee iii
  )).(),(()( and Xx . 

Definition: 2.4 

          Let  IF ,
~

 and  JG,
~

 be two cubic soft sets in X,  where I and J are any subsets of parameter’s set E. 

Then, we define P-union      .,
~

,
~

,
~

CHJGIF P  where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

 Where    iPi eGeF
~~

  is defined as, 

       .,:))()((,)(),(max,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

Definition: 2.4 

          Let  IF ,
~

 and  JG,
~

 be two cubic soft sets in X,  where I and J are any subsets of parameter’s set E. Then, 

we define P-intersection      .,
~

,
~

,
~

CHJGIF P  where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii






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 Where    iPi eGeF
~~

  is defined as, 

       .,:))()((,)(),(min,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

 
 
Definition: 2.3 

          The complement of a cubic soft set,     ieFIF
~

,
~ 𝒜      IeXxxxAx iee ii

 ;,,   is denoted by 

 cIF ,
~

 and defined as   ),,
~

(,
~

IFIF cc

  where  XCPIF c :
~

 and 

))((,))(
~

(

,))(
~

()(
~

ii

c

i

i

c

ii

c

eeaseF

IeforalleFeF




 

     c

i

c

eFIF )
~

(,
~ 𝒜

c      IeXxxxAx ie
c

e
c

ii
 ;,,   

3. Main Results: 

Properties: 3.1 

        (i) ),
~

(),
~

(),
~

(),
~

( IFJGJGIF PP   

       (ii) ),
~

(),
~

(),
~

(),
~

( IFJGJGIF PP   

Proof:  

     i       .,
~

,
~

,
~

CHJGIF P   
where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(max,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

     .,
~

,
~

,
~

DKJFIG P   
where JID   

   

 

    .
~~

~

~~

IJeifeFeG

JIeifeF

IJeifeGeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(max,
~~

IJeXxxxxAxBrxeFeG ieeeeiPi iiii
   

                                          .,:))()((,)(),(max, JIeXxxxxBxArx ieeee iiii
   

                                        =    iPi eGeF
~~

  

                   Hence Proved. 

 ii       .,
~

,
~

,
~

CHJGIF P   
where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(min,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

     .,
~

,
~

,
~

DKJFIG P   
where JID   

   

 

    .
~~

~

~~

IJeifeFeG

JIeifeF

IJeifeGeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(min,
~~

IJeXxxxxAxBrxeFeG ieeeeiPi iiii
   

                                          .,:))()((,)(),(min, JIeXxxxxBxArx ieeee iiii
   

                                        =    iPi eGeF
~~

  

                   Hence Proved. 

Example: 3.2 

     Let X= 4321 ,,, PPPP  be initial universe, I= 21,ee and J= 321 ,, eee  are any two subsets of parameters set E=

 321 ,, eee . Let  IF ,


 be cubic soft set define as, 

P )(
~

1eF  𝒜1=  )(),(
11

ppA ee   )(
~

2eF  𝒜2=  )(),(
22

ppA ee   

P1 [0.4,0.5],  0.3 [0.3,0.6],  0.7 

P2 [0.3,0.6],  0.8 [0.7,1],  0.8 
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P3 [0.5,0.8],  0.7 [0.3,0.6],  0.6 

P4 [0.6,0.9],  0.5 [0.1,0.4],  0.9 

    ieGIG
~

,
~ 𝔅      3,2,1,:,,  iJeXpppBx iee ii

  

P 
)(

~
1eG  𝔅1= 

 )(),(
11

ppB ee   
)(

~
2eG  𝔅2 

   
 )(),(

22
ppB ee   

)(
~

3eG  𝔅3=

 )(),(
33

ppB ee   

P1 [0.3,0.6],  0.8 [0.2,0.5],  0.7 [0.6,0.9],  0.7 

P2 [0.4,0.7],  0.8 [0.3,0.6],  0.8 [0.3,0.6],  0.5 

P3 [0.5,0.8],  0.4 [0.4,0.7],  0.9 [0.1,0.4],  0.9 

P4 [0.6,0.9],  0.7 [0.5,0.8],  0.6 [0.4,0.7],  0.6 

        (i) ),
~

(),
~

(),
~

(),
~

( IFJGJGIF PP   

L.H.S, ),
~

(),
~

( JGIF P  

W.K.T,  

       .,:))()((,)(),(max,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

P       XppppBpArxeGeF eeeeP ii
 :))()((,)(),(max,

~~
1111   

P1 [0.4,0.7],  0.8 

P2 [0.4,0.7],  0.8 

P3 [0.5,0.8],  0.7 

P4 [0.6,0.9],  0.7 

 

P       XppppBpArxeGeF eeeeP i
 :))()((,)(),(max,

~~
222222   

P1 [0.3,0.6],  0.7 

P2 [0.7,1],  0.8 

P3 [0.4,0.7],  0.9 

P4 [0.5,0.8],  0.9 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

R.H.S,  

   JFIG P ,
~

,
~

  

W.K.T, 

       .,:))()((,)(),(max,
~~

IJeXxxxxAxBrxeFeG ieeeeiPi iiii
   

P       XppppApBrxeFeG eeeeP ii
 :))()((,)(),(max,

~~
1111   

P1 [0.4,0.7],  0.8 

P2 [0.4,0.7],  0.8 

P3 [0.5,0.8],  0.7 

P4 [0.6,0.9],  0.7 

 

P       XppppApBrxeFeG eeeeP i
 :))()((,)(),(max,

~~
222222   

P1 [0.3,0.6],  0.7 

P2 [0.7,1],  0.8 

P3 [0.4,0.7],  0.9 

P4 [0.5,0.8],  0.9 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

                                                              Hence L.H.S=R.H.S 

   (ii) ),
~

(),
~

(),
~

(),
~

( IFJGJGIF PP   
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L.H.S, ),
~

(),
~

( JGIF P  

W.K.T,  

       .,:))()((,)(),(min,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

P       XppppBpArxeGeF eeeeP ii
 :))()((,)(),(min,

~~
1111   

P1 [0.3,0.6],  0.3 

P2 [0.3,0.6],  0.6 

P3 [0.5,0.8],  0.4 

P4 [0.6,0.9],  0.5 

 

P       XppppBpArxeGeF eeeeP i
 :))()((,)(),(min,

~~
222222   

P1 [0.2,0.5],  0.7 

P2 [0.3,0.6],  0.8 

P3 [0.3,0.6],  0.6 

P4 [0.1,0.4],  0.6 

   

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

R.H.S,  

   JFIG P ,
~

,
~

  

W.K.T, 

       .,:))()((,)(),(min,
~~

IJeXxxxxAxBrxeFeG ieeeeiPi iiii
   

P       XppppApBrxeFeG eeeeP ii
 :))()((,)(),(min,

~~
1111   

P1 [0.4,0.7],  0.8 

P2 [0.4,0.7],  0.8 

P3 [0.5,0.8],  0.7 

P4 [0.6,0.9],  0.7 

 

P       XppppApBrxeFeG eeeeP i
 :))()((,)(),(min,

~~
222222   

P1 [0.3,0.6],  0.7 

P2 [0.7,1],  0.8 

P3 [0.4,0.7],  0.9 

P4 [0.5,0.8],  0.9 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

                                                              Hence L.H.S=R.H.S 

Properties: 3.3 

      For any two cubic soft sets  IF ,
~  , and  JG,

~
 

          
           ),

~
(),

~
(,

~
,

~
,

~
,

~
),

~
(),

~
(,

~
,

~
,

~
,

~

JGIFifIFJGIFIFii

JGIFifIFJGIFIFi

PP

PP



  

Proof: 

 i        ),
~

(),
~

(,
~

,
~

,
~

JGIFifCHJGIF P   

By the definition, 

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii






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Where,        .,:))()((,)(),(min,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

      JGIFIF PP ,
~

,
~

,
~

      DKCHIF P ,
~

,
~

,
~

  

By the definition, 

   

 

    .
~~

~

~~

CIeifeHeF

ICeifeH

CIeifeFeK

iiPi

ii

iii







 

Where, 

           .,:))()((,)(),(min),(max,
~~~

JIeXxxxxBxArxArxeGeFeF ieeeeeeiPiPi iiiiii
   

                                              
  

 IF

XxxxAx
ii ee

,
~

:)(),(,



 
 

                                         Hence Proved. 

 ii       ),
~

(),
~

(,
~

,
~

,
~

JGIFifCHJGIF P   

By the definition, 

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(max,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

      JGIFIF PP ,
~

,
~

,
~

      DKCHIF P ,
~

,
~

,
~

  

By the definition, 

   

 

    .
~~

~

~~

CIeifeHeF

ICeifeH

CIeifeFeK

iiPi

ii

iii







 

Where,            .,:))()((,)(),(max),(min,
~~~

JIeXxxxxBxArxArxeGeFeF ieeeeeeiPiPi iiiiii
   

                                              
  

 IF

XxxxAx
ii ee

,
~

:)(),(,



 
 

                                         Hence Proved. 

Example: 3.4 

      Let X= 4321 ,,, PPPP  be initial universe, I= 21,ee and J= 321 ,, eee  are any two subsets of parameters 

set E= 321 ,, eee . Let  IF ,


 be cubic soft set define as, 

P )(
~

1eF  𝒜1=  )(),(
11

ppA ee   )(
~

2eF  𝒜2=  )(),(
22

ppA ee   

P1 [0.4,0.3],  0.3 [0.3,0.6],  0.7 

P2 [0.3,0.6],  0.8 [0.7,1],  0.8 

P3 [0.5,0.8],  0.7 [0.3,0.6],  0.6 

P4 [0.6,0.9],  0.5 [0.2,0.4],  0.9 

              
    ieGIG

~
,

~ 𝔅      3,2,1,:,,  iJeXpppBx iee ii
  

P 
)(

~
1eG  𝔅1= 

 )(),(
11

ppB ee   

)(
~

2eG  𝔅2 
   

 
 )(),(

22
ppB ee   

)(
~

3eG  𝔅3=

 )(),(
33

ppB ee   

P1 [0.3,0.6],  0.2 [0.2,0.5],  0.7 [0.6,0.9],  0.7 

P2 [0.2,0.5],  0.7 [0.6,0.8],  0.8 [0.3,0.6],  0.5 

P3 [0.4,0.7],  0.5 [0.2,0.5],  0.9 [0.1,0.4],  0.9 

P4 [0.5,0.8],  0.3 [0.1,0.3],  0.6 [0.4,0.7],  0.6 

           ),
~

(),
~

(,
~

,
~

,
~

,
~

JGIFifIFJGIFIFi PP   

First we take,    JGIF P ,
~

,
~

  

P       XppppBpArxeGeF eeeeP ii
 :))()((,)(),(min,

~~
1111   

P1 [0.3,0.6],  0.2 

P2 [0.2,0.5],  0.7 

P3 [0.4,0.7],  0.5 

P4 [0.5,0.8],  0.3 
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P       XppppBpArxeGeF eeeeP i
 :))()((,)(),(min,

~~
222222   

P1 [0.2,0.5],  0.5 

P2 [0.6,0.8],  0.7 

P3 [0.2,0.5],  0.4 

P4 [0.1,0.3],  0.6 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

Now we take, 

      JGIFIF PP ,
~

,
~

,
~

  

P       111

~~~
eGeFeF PP   

P1 [0.4,0.7],  0.3 

P2 [0.3,0.6],  0.8 

P3 [0.5,0.8],  0.7 

P4 [0.6,0.9],  0.5 

 

P       222

~~~
eGeFeF PP   

P1 [0.3,0.6],  0.7 

P2 [0.7,1],  0.8 

P3 [0.3,0.6],  0.6 

P4 [0.2,0.4],  0.9 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

Hence         IFJGIFIF PP ,
~

,
~

,
~

,
~

 . 

           ),
~

(),
~

(,
~

,
~

,
~

,
~

JGIFifIFJGIFIFii PP   

First we take,    JGIF P ,
~

,
~

  

P       XppppBpArxeGeF eeeeP ii
 :))()((,)(),(max,

~~
1111   

P1 [0.4,0.7],  0.3 

P2 [0.3,0.6],  0.8 

P3 [0.5,0.8],  0.7 

P4 [0.6,0.9],  0.5 

 

P       XppppBpArxeGeF eeeeP i
 :))()((,)(),(max,

~~
222222   

P1 [0.3,0.6],  0.7 

P2 [0.7,1],  0.8 

P3 [0.3,0.6],  0.6 

P4 [0.2,0.4],  0.9 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

Now we take,       JGIFIF PP ,
~

,
~

,
~

  

P       111

~~~
eGeFeF PP   

P1 [0.4,0.7],  0.3 
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P2 [0.3,0.6],  0.8 

P3 [0.5,0.8],  0.7 

P4 [0.6,0.9],  0.5 

 

P       222

~~~
eGeFeF PP   

P1 [0.3,0.6],  0.7 

P2 [0.7,1],  0.8 

P3 [0.3,0.6],  0.6 

P4 [0.2,0.4],  0.9 

 

P )(
~

3eG  𝔅3=  )(),(
33

ppB ee   

P1 [0.6,0.9],  0.7 

P2 [0.3,0.6],  0.5 

P3 [0.1,0.4],  0.9 

P4 [0.4,0.7],  0.6 

Hence         IFJGIFIF PP ,
~

,
~

,
~

,
~

 . 

Theorem: 3.5 

      Let     ieFIF
~

,
~ 𝒜      IeXxxxAx iee ii

 :,,  and  

    ieGIG
~

,
~

𝔅      JeXxxxBx iee ii
 :,,   be an external cubic soft sets(ECSS). Then, 

     JGIFi P ,
~

,
~

  is an ECSS. 

     JGIFii P ,
~

,
~

  is an ECSS. 

Proof: 

   i Since  IF ,
~ and  JG,

~  external cubic soft sets, 

So for,  IF ,
~

, we have, IexAxAx ieee iii
  )).(),(()(  

Since, )).(),(()( xAxAx
iii eee


 
and .1)()(0   xAxA

ii ee
 

So we have ).()()()( xxAorxAx
iiii eeee     

AlSo for,  IG,
~ , we have, IexBxBx ieee iii

  )).(),(()(  

Since, )).(),(()( xBxBx
iii eee


 
and .1)()(0   xBxB

ii ee
 

So we have ).()()()( xxBorxBx
iiii eeee     

Then, we have, 

       .,)(),(max,)(),(max XxJIexBxAxBxA ieeeeee iiiiii
   

Now by definition of P-union,      .,
~

,
~

,
~

CHJGIF P  where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

 If JIei  ,    iPi eGeF
~~

  is defined as, 

       .,:))()((,)(),(max,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

Thus,     JGIF P ,
~

,
~

  is an ECSS,  if JIei   

JIei   or IJei  . Then the result is trivial. 

 ii Since  IF ,
~

and  JG,
~  external cubic soft sets, 

So for,  IF ,
~

, we have, IexAxAx ieee iii
  )).(),(()(  

Since, )).(),(()( xAxAx
iii eee


 
and .1)()(0   xAxA

ii ee
 

So we have ).()()()( xxAorxAx
iiii eeee     

AlSo for,  IG,
~ , we have, IexBxBx ieee iii

  )).(),(()(  

Since, )).(),(()( xBxBx
iii eee


 
and .1)()(0   xBxB

ii ee
 

So we have ).()()()( xxBorxBx
iiii eeee     

Then, we have, 
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       .,)(),(min,)(),(min XxJIexBxAxBxA ieeeeee iiiiii
   

Now by definition of P-intersection,      .,
~

,
~

,
~

CHJGIF P  where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

 If JIei  ,    iPi eGeF
~~

  is defined as, 

       .,:))()((,)(),(min,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
   

Thus,     JGIF P ,
~

,
~

  is an ECSS,  if JIei   

JIei   or IJei  . Then the result is trivial. 

Theorem: 3.5 

      Let  cIF ,
~ and  cIG,

~
 be an internal cubic soft sets (ICSS). Then, 

      cP JGIFi ,
~

,
~

  is an ICSS. 

      cP JGIFii ,
~

,
~

  is an ICSS. 

Proof: 

   i Since  cIF ,
~ and  cJG,

~  be an internal cubic soft sets, so for  IF ,
~  we have 

             
IexAxxA ieee iii

  ).()()(   and Xx . 

This implies, IexAxxA ieee iii
  ).(1)(1)(1   and Xx . 

Also for  JG,
~  we have 

             
JexBxxB ieee iii

  ).()()(   and Xx . 

This implies, JexBxxB ieee iii
  ).(1)(1)(1   and Xx . 

Then we have 

      JIexBxAxxBxA ieeeeee iiiiii
  .)(1),(1max)(1)(11),(1max 

 
Now by definition, 

     .,
~

,
~

,
~

CHJGIF P   
where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(max,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
 

 
And also, 

       .,
~

,
~

,
~ cc

P CHJGIF   
where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

ii

c

Pi

c

ii

c

ii

c

i

c







 

Where,        JIeXxxxxBxArxeGeF i

c

e

c

e

c

e

c

ei

c

Pi

c

iiii
 ,:))()((,)(),(max,

~~


 
  XxxxxBxArx

iiii eeee  :))(1)(1(,)(1),(1max, 
 

Thus,
     cP JGIF ,

~
,

~
  is an ICSS,  if JIei   

JIei   or IJei  . Then the result is trivial. 

Hence,      cP JGIF ,
~

,
~

 is an ICSS in all cases. 

 ii Since  cIF ,
~ and  cJG,

~  be an internal cubic soft sets, so for  IF ,
~  we have 

             
IexAxxA ieee iii

  ).()()(   and Xx . 

This implies, IexAxxA ieee iii
  ).(1)(1)(1   and Xx . 

Also for  JG,
~

 we have 

             
JexBxxB ieee iii

  ).()()(   and Xx . 

This implies, JexBxxB ieee iii
  ).(1)(1)(1   and Xx . 
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Then we have  

      JIexBxAxxBxA ieeeeee iiiiii
  .)(1),(1min)(1)(11),(1min 

 
Now by definition, 

     .,
~

,
~

,
~

CHJGIF P   
where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

iiPi

ii

iii







 

Where,        .,:))()((,)(),(min,
~~

JIeXxxxxBxArxeGeF ieeeeiPi iiii
 

 
And also, 

       .,
~

,
~

,
~ cc

P CHJGIF   
where JIC   

   

 

    .
~~

~

~~

JIeifeGeF

IJeifeG

JIeifeFeH

ii

c

Pi

c

ii

c

ii

c

i

c







 

Where,        JIeXxxxxBxArxeGeF i

c

e

c

e

c

e

c

ei

c

Pi

c

iiii
 ,:))()((,)(),(min,

~~


 

                                            
  XxxxxBxArx

iiii eeee  :))(1)(1(,)(1),(1min, 
 

Thus,
     cP JGIF ,

~
,

~
  is an ICSS,  if JIei   

JIei   or IJei  . Then the result is trivial. 

Hence,      cP JGIF ,
~

,
~

 is an ICSS in all cases. 
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