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Abstract:

In this paper, we introduce the concept of cubic ideals of po-I'-semigroups, which is generalized
concept of fuzzy ideals of po-I'-semigroups in order to obtain some characterization theorems. Operator po-
semigroups of a po-I'-semigroup have been made to work by obtaining various relationships between cubic
ideals of a po-I'-semigroup and that of its operator semigroups. We also investigated some of its properties with
examples.
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1. Introduction:

The important concept of fuzzy set has been introduced by Lofti.A. Zadeh [25]. Since then the work on
fuzzy sets appeared showing its importance in various branches of mathematics. In 1971 Rosenfeld [18]
introduced the concept of fuzzy group. R. Biswas [1] introduced the notion of fuzzy subgroup and antifuzzy
subgroups. Semigroup is an algebraic structure consisting of a non-empty set S together with an associative
binary operation. The formal study of semigroups began in the early 20" century. Kuroki [12, 13, 14]
characterized several class of semigroups in terms of fuzzy left ideals, fuzzy right ideals, fuzzy bi-ideals. In [23,
24] X.Y. Xie introduced the ideal extensions of fuzzy ideals in semigroups. The idea of fuzzy bi-ideals in
semigroups has been introduced by W.J. Lie [16]. In 1984 the notion of I-semigroups was introduced by M.K.
Sen [20]. In 1986 M.K. Sen and N.K. Saha [21] modified the definition of sen’s I'-semigroup. This newly
defined I'-semigroup is known as one sided I'-semigroup. I'-semigroup has been analyzed by a lot of
mathematicians, for instance by Chattopadhyay [2], T.K. Dutta and N.C. Adhikari [6, 7, 8]. They defined
different properties of po-I"-semigroup by defining operator po-semigroups of such type of po-I'-semigroups. In
1996 Y.I. Kwon and S.K. Lee [15] introduced po-T'-semigroups (partially ordered I'-semigroups). Jun et al. [10]
introduced the new concept called cubic sets. These structures encompass interval-valued fuzzy set and fuzzy
set. Also Jun et al. [9] introduced the notion of cubic subgroups. V. Chinnadurai et al. [4] introduced cubic
ideals of I"-semigroups. The purpose of this paper to introduce the notion of cubic ideals of po- I"-semigroups.
We investigate some basic results, examples and properties.

2. Preliminaries:

Now we recall some known concepts related to cubic ideals of po-I'-semigroups from the literature,
which will be needed in the sequel.

Definition 2.1: [5] Let S and I be two non-empty sets. Then S is called a I'-semigroup if there exist a mapping
from S XTI xS — S written as (a,a, b) — aab satisfying the identity (aab)Bc = aa(bBc), for all a,b,c €
Sand a,B €T.

Definition 2.2: [3] Let S be a semigroup. By a subsemigroup of S, we mean a non-empty subset A of S such
that A% € A.

Definition 2.3: [3] Let S be a I'-semigroup. By I'-subsemigroup, we mean a non-empty subset A of S such that
if ATA c A.

Definition 2.4: [7] A T-semigroup S is called po-I"-semigroup if for any a,b,c € S and a € T, a < b implies
aoc < bac and coa < cob.

Definition 2.5: [7] Let S be a po-I'-semigroup. A non-empty subset A of S is said to be right (left) ideal of S if
i) AT'S S A (STA € A)

ii)ifx € A andy € S, such thaty < x theny € A.

Definition 2.6: [22] Let S be a po-I'-semigroup. A I'-subsemigroup A of S is said to be bi-ideal of S if
i)ATSTAC A

ii)if x€ A andy € S,suchthat y < x then y € A.

Definition 2.7: [17] Let S be a po-I'-semigroup. A I'-subsemigroup A of S is said to be interior ideal of S if
i)STATS € A

ii)if x€ Aandy € S,suchthat y < x theny € A.

Definition 2.8: [5] A fuzzy subset u of a po-I'-semigroup S is called a fuzzy I'- subsemigroup of S, if
u(lxyy) = min{u(x),u(y)}. vx,y€eSandvyer.

Definition 2.9: [19] A fuzzy subset u of a po-I'-semigroup S is called a fuzzy right (left) ideal of S, if

Dx<y=ulx)=uly)
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ip(xay) = p(x), (u(xay) = u(y)) Vx,y €S. and a € I'. if p is both a fuzzy left and a fuzzy right ideal of
S, then p is called a fuzzy ideal of S.
Definition 2.10: [22] A fuzzy I'-subsemigroup p of a po-I'- semigroup S is called a fuzzy bi-ideal of S, if
Dx<y=pux)=uly)
iDu(xayBz) = min{u(x), u(z)} vx,y,z€ S. anda,B €T.
Definition 2.11: [17] A fuzzy I'-subsemigroup u of a po-I'- semigroup S is called a fuzzy interior ideal of S, if
Dx<y=ux)=puly)
iDpu(xayBz) = u(y) vx,y,z€S.anda,B€ET.
Definition 2.12: [3] An interval-valued fuzzy subset g of X is called a fuzzy left (right) ideal of X, if
i(xy) = i), (ji(xy) = i(x)),vx,y € X. if t is both an interval-valued fuzzy left and right ideal of X, then
 is called an interval-valued fuzzy ideal of X.
Definition 2.13: [7] Let S be a I'- semigroup. Let us define a relation p on S x I' as follows (x, @)p(y, B) if and
only if xas =yfs Vs € S and yxa =yyB Vy €TI. The p is an equivalence relation. Let [x,«] denote the
equivalence class containing (x,a). Let L = {[x,a]: x € S,a € I'}. Then L is a semigroup with respect to the
multiplication defined by [x, a][y, B] = [xay, B]. This semigroup L is called the left operator semigroup of the
I'-semigroup S. Dually the right operator semigroup R of I'-semigroup S is defined where the multiplication is
defined by [a, a][B, b] = [aap, b].

Let ((S,T),<) be a po-T'- semigroup. We define a relation < on L by [a, a] < [b, B8] if and only if
aas < bBs forall s € S and yaa < ybpg for all y € I'. With respect to this relation L becomes a po-semigroup.
In a similar way R can be made into a po-semigroup.

If there exist an element [e, 5] € L ([y, f] € R) such that eds = s(resp. syf =s) for all s € S then
le, &1 (resp. [y, f]) is called the left (resp. right) unity of S.

Now let S be a I'- semigroup with unities, L and R are po-semigroups. We define a relation < in S by
a <bifandonly if [a,a] < [b,a] inL and [a,a] < [, b] in R for all « € I'. We also define a relation < in I
by a < B ifand only if [a,a] < [a,B8] in L and [a,a] < [B,a] in R for all a € S. With respect these relations S
becomes a po-I'- semigroup.

Definition 2.14: [9] Let X be a non empty set. A cubic set A is a structure of the form

A={(x, 1(x),A(x)) : x € X} and denoted by A = (fiy, A), iy = [t4, 1f] is an interval-valued fuzzy set

(briefly. IVF) in X and A:X — [0,1] is a fuzzy set in X.

Definition 2.15: [11] For any non-empty subset G of a set X, the characteristic cubic set of G is defined to be a

structurey (x) =< x, 1, (x),¥,,(x):x € X > which is briefly denoted by x;(x) =< i, (x), ¥y, (x) >.
_ _([11] ifxec _ (0 ifxecG

Where z,;(x) = {[0,0] otherwise and vy, (x) = {1 otherwise

Definition 2.16: [2] A mapping f from a I'- semigroup P to another I'- semigroup Q is called a homomorphism,

if flxyy) =f()yfly) Vx,yeESandVy€er.

Definition 2.17: [9] Let X and Y be given classical sets. A mapping f: X—Y induces two mappings

Cr: C(X)= C(Y), Ay = Ci(Ay) and Ci': C(Y) = C(X), Ay = C5 ' (Ay).

Where the mapping (s is called cubic transformation and C;l is called inverse cubic transformation.

Definition 2.18: [9] Let f be a mapping fromaset Xto Y and A = < 1, w > be a cubic set of X then the

image of X Ci(cA) = < C; (f1), Cs (w) > is a cubic set of Q is defined by

(cf(g)(y) _ {f(xif; A() if f10) %0 forally €Y

0,0 otherwise
A = { inf a)(x)[ if]f—l( Y# 0 forally €Y
(@) = {f<x>=y )7 Y
1 otherwise
And
Let f be a mapping fromaset Xto Y and A = < I, w > be a cubic set of Y then the pre image of Y
G (A) = < (7' (@), (5 (w) > is a cubic set of X is defined by
iy - | TN = A(FG) forallx € X
f Cfl(w(x)) = w(f(x)) forallx€X
3. Main Results:
In this section we introduced the notion of cubic ideals of po-I"- semigroups and discuss some of its

properties with examples.
Definition 3.1: A cubic subset A = < 1, w > of a po-I"- semigroup S is called a cubic right (left) ideal of S, if
Dx<y=ax) = aly) and w(x) < w(y)

ia(xay) = jg(x) and w(xay) < w(x) (ﬁ(xay) > a() and w(xay) < w(y)) Vx,y€S. anda €T.

if A = < 1, w > is both a cubic left and a cubic right ideal of S, then A = < 1, w > is called a cubic ideal of S.
Example 3.2: Let S be the set of all non-positive integers without zero and I" be the set of all non-positive even
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integers without zero. Then S is a I'- semigroup where xay denote the usual multiplication of integers x, a, y for
all x,y € S and a € I'. Then by routine calculation it is observed that S is a po-I'- semigroup.
Define an interval-valued fuzzy set :S—DI[0,1] by
[0.1,0.2] ifx=-1
a(x) =41[0.3,04] ifx=-2
[0.50.6] if x <—2
Define a fuzzy set ®:S—[0,1] by

08 ifx=-1
w(x)=<04 ifx=-2
02 ifx<-2

Hence A = < 1, w > is a cubic ideal of po-I'-semigroup S.
Definition 3.3: A cubic subset A = < i, w > of a po-I'-semigroup S is called a cubic I'- subsemigroup of S, if
i) f(xyy) = min{i(x), i(y)}
i) w(xyy) < max{w(x),w(y)} Vx,yeESandVvVye€Tr.
Definition 3.4: A cubic I'-subsemigroup A = < I, w > of a po-I'-semigroup S is called a cubic bi-ideal of S, if
Dx<y= i) = aly) and wx) < w(y)
iDp(xayBz) = min{ji(x), i(z)} and w(xayBfz) < maxfw(x), w(z)}Vx,y,z€ S anda,B €I
Definition 3.5: A cubic I'-subsemigroup A = < i, w > of a po-I'-semigroup S is called a cubic interior ideal of
S, if
Dx<y=palx) =) and w(x) < w(y)
iNa(xaypBz) = g(y) and w(xaypfz) < w(y) Vx,y,z€S anda,B €T.
Definition 3.6: Let f be a mapping from a po-I"-semigroup S to a po-I'-semigroup S 'and A =< ji,w >bea
cubic set of S ' then the pre image of S ' (7' (A) = < C7' (1), (5 ' (w) > is a cubic set of S is defined by
A ) = { M) = a(f(x)) forallx€s
f Cfl(a)(x)) = a)(f(x)) forallxeS
Definition 3.7: Let S be a po-I'-semigroup, L be the left operator and R be the right operator, then
For a cubic set (R) A; = < f1;, w; > we define a cubic set (S) A] = < 17, w; >"=< ({11)", (w1)* > by
(@) () = Y m (v, x]) and (@1)*(x) = 3% w, ([y,x]) where x € S.
For a cubic set (S) A, = < fi,, w, > we define a cubic set (R) A" =< Ao, Wy >* =< (@)” ’ (wz)*' > by
(@) ([ x]) = "L fE(sax) and (0,)* ' ([@,x]) = °% w,(sax) where [a, x] € R.
For a cubic set (L) A3 = < I3, w; > we define a cubic set (S) AT = < fi5, w3 >T=< (ji3)*, (w3)T > by
(1) () = & m3([xy]) and (w3)* (x) = 7 w;([x,v]) where x € S.
For a cubic set (S) A, = < fis, ws > We define a cubic set (L) Jl4+‘ =< 0, > '=< (@), ()T > by
@)t ([x al) = ™ gy (xas) and (w)* ' ([x, a]) = % w,(xas) where [x, ] € L.
Theorem 3.8: Every cubic ideal of a po-I'-semigroup is cubic bi-ideal of a po- I'-semigroup.
Proof: Let S be a po- I'-semigroup and A = < 1, w >be a cubic ideal of S.
Forany x,y € S withx< y, ii(x) = (y) and w(x) < w(y)
case(i) Suppose A =< fi, w > is a cubic left ideal of a po-I'-semigroup S
fAlxay) = i(y), w(xay) < w(y) forallx,y e Sand a € I.
Forany x,y,z € Sand a, 8 € I, we have
f(xaypz) = i(xa(ypz)) = i(ypz) = ji(z) and
w(xayBz) = w(xa(yﬁz)) < wlyBz) < w(2)
case(ii) suppose A = < 1, w > is a cubic right ideal of a po-I'-semigroup S
Alxay) = g(x), w(xay) < w(x) forallx,y € Sand a €T.
Forany x,y,z € Sand a, B € I, we have
f(xayBz) = p((xay)pz)) = a(xay) = i(x) and
w(xaypBz) = a)((xay)ﬂz) < w(xay) < w(x)
From the above two cases, we have
f(xay) = g(x)Aa(y) = min{a(x), #(y)} and
w(xay) < w(x)Vo(y) = max{w(x), w()}
Again, g(xaypz) = i(x)Ai(z) = min{ji(x), i(z)} and
w(xaypfz) < w(x)Vw(z) = max{w(x), w(z)}
Hence A = < I, w > is a cubic bi-ideal of S.
Theorem 3.9: Let A = < 1, w >be a non-empty cubic subsets of a po- I'-semigroup S and
Xa =< fiy,,w,, > be the characteristic cubic set of A. Then A is a left ideal (resp. right ideal, ideal) of S
if and only if the characteristic cubic set x4 =< f, ,, w, , > of A in S'is a cubic left ideal
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(resp. right ideal, ideal) of S.
Proof: Let A be a non-empty cubic subsets of S and A be a left ideal of S.
Letx,y € Sand a € I. Then xay € A.
If y € A, it follows that @, , (xay) =1 = i, ,(v) and w, , (xay) = 0 < w, , (¥)
Ify & A, it follows that i, , (xay) = 0> iy, ) and w, , (xay) =1 < w, ,(y)
Again, letx,y € Shesuchthatx <y, ify € Athen, ,(y) =1and w, ,(y) =0
Since x <y € A, we have x € A, then ji, . (x) = Tand w, ,(x) = 0
Hence i1, ,(x) = 1, ,(y) and w, ,(x) < w,_, ).
IfygAthenji, (y) =0andw, ,(y) =1
Hence we have i, ,(x) =2 0=/, ,(y) and w, ,(x) < 1 = w, , ()
Therefore x,, =< @, ,,w,, > isacubic leftideal of S.
Conversly, let x4 =< f, ,, w, , > be the cubic left ideal of S, letx,y € Sand y € A.
Then i, ,(y) = 1and w, ,(y) = 0. Since x4 is a cubic left ideal of S, then
iy (xay) = i, (y) and @y, (xay) < @, (7).
So, i, ,(xay) = 1 and w, ,(xay) = 0, then xay € A.
Now, if x < yandy € A, then 1, ,(v) = 1, w, ,(¥) = 0 and
By (0 2 [y, (), 0y, (0) < @, ()
So, it ,(x) =1and w, ,(x) = 0, then x € A.
Thusx <yandy € A, then x € A.
Therefore A = < 1, w > is left ideal of S.
Theorem 3.10: Let A = < 1, w >be a non-empty cubic subsets of a po- I'-semigroup S and
Xa =< ,,w, , > be the characteristic cubic set of A. Then A is an interior ideal of S
if and only if the characteristic cubic set y 4 =< i, ,, w, , > 0f A in Sis a cubic interior ideal of S.
Theorem 3.11: Let A = < I, w > be a hon-empty cubic subsets of a po- I'-semigroup S and
Xa =< fiy,,w,, > be the characteristic cubic set of A. Then A is a bi-ideal of S
if and only if the characteristic cubic set y, =<, ,,w, , > of A in Sis a cubic bi- ideal of S.
Proof: Let A be a non-empty subset of a po-I"-semigroup S and A be a bi-ideal of S.
Letx,y,z€ S.Thenxyz € A, ifx,z € Aand xayfz € A,ifx,y,ze Aand a, €T.
It follows that iz, , (xayfBz) = 1= min{ﬁxﬂ (x), i1, , (z)} and w, , (xaypz) =0 = max{wxﬂ (x), wy , (z)}
Letx & Aorz¢&A. Then,
case(i) If xaypz ¢ A, then i, , (xayfz) > 0 = min{i, ,(x), 1, ,(z)} and
w, ,(xayfz) < 1= max{wm (%), Wy, (z)}
case(ii) If xaypz € A, then 1, , (xayBz) = 1 = min{jz, ,(x), @, ,(2)} and
w, ,(xaypz) <0 = max{wxﬂ (x), wy, (z)}
Again, let x,y € S be such that x < y.
If y € A, then 7, ,(y) = 1and w, ,(y) = 0.
Since x <y € A, we have x € A, then 7, ,(x) = 1and w, ,(x) = 0
Thus 7, () = fi,, () and () < @, ()}
Hence x4 =<, ,,w,, > isa cubic bi-ideal of S.
Conversly, let x4 be the cubic bi-ideal of S.
Letx,y,z € S besuchthat x,z € A then iz, , (x) = 1= iy, (2) and w, , (x) = 0 = w, ,(2).
Also, 1, , (xaypz) = min{g, ,(x), 1, ,(z)} = 1 and
w, ,(xayfz) < max{wm (x), Wy, (z)} =0.
Hence xayfz € A.
Again, let x € A and x < y. Then we have y € A.
This implies that 7, ,(y) = 1and w, ,(¥) = 0.
Since x4 is a cubic bi-ideal of S, then 1, , (x) = 1> iy, and w, , (x) =0 < w, ,(y)
Since y € S, we have i, ,(y) = 1and w, ,(¥) < 0.
Hence /i, ,(y) = 1and w, ,(y) = 0.S0, y € A.
Consequently, A is a bi- ideal of S.
Theorem 3.12: Let A = < f1, w > be a cubic left (right) ideal of a po- I'-semigroup S. Then so is
A% =< ()%, (w)* > for every real number a > 0, where A* defined by A*(x) = (Jl(x))a forall x € S.
Proof: Let A = < 1, w > be a cubic left ideal of a po-I"-semigroup S. Forany x,y € Sand y €T
We have f(xay) = g(y) and w(xay) < w(y)
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Now ()" (xay) = (a(xay))” = (2())" = (@) (y) and

(@) (xay) = (w@ay))” < (0())" = @) Q).
Next, let x,y € S, be such that x < y. Since A is a cubic left ideal of S.
So, i(x) = i(y) and w(x) < w(y) forall x,y € S.

Then (4(x))“ = (@2(»)" and (w(x))" < (0(y)) forall @ > 0.

therefore () (x) = (W) and (w)*(x) < (w)*(¥)

Hence A% =< ()%, (w)* > is a cubic left (right) ideal of S.

Theorem 3.13: Let A = < 1, w > be a cubic interior ideal of a po- I'-semigroup S. Then so is

A =< (B)%, (w)® > for every real number a > 0, where A¢ defined by A%(x) = (A(x))" forall x € .

Proof: Let A = < ji, w > be a cubic interior ideal of a po-I"-semigroup S. Forany x,y,z € Sandy, B €T.

We have f(xyyfz) = i(y) and w(xyyfz) < w(y)

Now () (xyyBz) = (a(xyyp2))" = (A¥))" = (®*() and

(@)*(xyyBz) = (0(yyp2)" < ()" = (@)* ).

Next, let x,y € S, be such that x < y. Since A is a cubic left ideal of S.

So, i(x) = g(y) and w(x) < w(y) forall x,y € S.

Then (i(x))* = (2(»)" and (0(x))" < (0(y)) forall @ > .

therefore (D (x) = (W* (¥) and (@) (x) < (W) (y)

Hence A% =< ()%, (w)® > is a cubic interior ideal of S.

Proposition 3.14: Let S be a po-T-semigroup S and {A;},c, be a non-empty family of cubic subsets of S.

Then MiexA; =< Nier i, Ujep w; > 1S a cubic subset of S.

Proof: Let x € S. Then the set {{; (x)};, is non-empty bounded below subset of R.

By the completeness axiom, there exist inf{f; (x)};e, in R. Since [0,0] < f; < [1,1] for each i €A.

We have [0,0] < inf{i;(x)}iex < [1,1]. Thus [0,0] < (Njeq 1) (%) < [1,1].

If x,y € S,suchthat x =y, then {{1;(x)}iex = {E: (M }ien- Thus inf{z; (O }iex = inf{E () }ien-

S0, Nier ity (x) = Nien ity (V).

Thus N;e, &; is an interval-valued fuzzy subset of S.

And, the set {w; (x)};¢, is non-empty bounded above subset of R. By the completeness axiom, there exist

sup{w; (x)};ex iINR. Since 0 < w; < 1 foreach i €A, we have 0 < sup{w; (x)};ex < 1.

Thus 0 < Ujew; () < 1.

If x,y € S such that x = y then {w; (x)}iex = {@; () }iex- Thus sup{w;(x)}iex = sup{w; () }iex-

This implies that U;e, w; (x) = Ujep w; ()

Thus U;e, w; isa fuzzy subset of S.

Hence [M;exA; =< Niea i, Ujer w; > is a cubic subset of S.

Proposition 3.15: Let S be a po- I'-semigroup and {A;};c, be a family of cubic I'-subsemigroup of S.

Then M;exA; =< Nier il Uier w; > is a cubic I'-subsemigroup of S.

Proof: By proposition (3.14) [;e,A; is a cubic subset of S.

Let {A; };c, be the family of cubic I'-subsemigroup of S, let x,y,z € S and a € T.

Let Nyex it (x) = inf{ig; () };ex and Ujep w; (x) = sup{w; (x) }iex-

Then Niex ft; (xay) = inf{fr; (xay)}iex = inf{min{i; (x), {; () }iex = min{inf{i; (x)}ien , inf{iz; () }iea}
= minifN;ex i (%), Nier it )

and Ujep w; (xay) = sup{w; (xay)}iex = sup{max{w; (x), w; (y)}iex = max{sup{w; (x)}iex, sup{w; () }ier}
= max{U;e, w; (X), Uje, 0; ()}

Hence M;e A =< Nier i » Uijen w; > is a cubic T'-subsemigroup of S.

Theorem 3.16: Let S be a po-T'-semigroup and {cA; };c, be the family of cubic left (right) ideal of S. Then

MiexcA; =< Nier i , Ujen w; > is a cubic left (right) ideal of S.

Proof: By proposition (3.14) ;<A 1S a cubic subset of S.

Now, let x,y € S be such that x < y.

Since {A, };¢, is the family of cubic left ideal of S then f1; (x) = f1;(y) and w; (x) < w;(y) forall i €A.

Thus infi;(y) < @;(y) < f1;(x) and sup w;(y) = w;(y) = w;(x) forall i €A.

inf{iZ; (¥)};c, is an lower bound of ;(x) and sup{w; (¥)};c, is an upper bound of w; (x).

Hence inf; (x) = infi;(v) and sup w; (x) < sup w;(y) forall i €A.

S0, Nieafti () = Nien i (¥) and Uep @; (%) < Ujep 0; ().

Finally, let x,y € S and a € T. Since {A,;};¢, is the family of cubic left ideal of S.

We have j; (xay) = j;(y) and w; (xay) < w;(y) forall i €A

Thus (Niex ) (xay) = (inf @) (xay)ien = inf g;(xay)iex = inf 1 (y)iex = Niea i (V)

And (Ujer w;) (xay) = (supw;) (xay)ien = supw;(xay)iex < supw;(¥)iex = Uiea w; (¥).

Hence [M;e A =< Nier i, Uiep w; > is a cubic left (right) ideal of S.
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Theorem 3.17: Let S be a po-I'-semigroup and {cA; };c, be the family of cubic bi-ideals of S. Then
MiexAi =< Nierfli » Ujen w; > is a cubic bi-ideal of S.
Proof: By proposition (3.15) we have [1;c,cA; is a cubic I"-subsemigroup of S.
Now, let x,y € S be such that x < y. Since [1;¢,<A; is a cubic I'-subsemigroup of S,
then f1; (x) = f1;(y) and w; (x) < w;(y) forall i EA.
Thus inf@;(y) < &, (y) < f1;(x) and sup w; (y) = w;(y) = w;(x) forall i EA.
inf {;(y)};e, is an lower bound of ; (x) and sup{w;(y)};c. is an upper bound of w; (x).
Hence infi;(x) = inf;(v) and sup w; (x) <sup w;(y) forall i €A.
S0, Niea i (x) = Niea i (¥) and Ujex @;(x) < Usep @i (¥).
Finally, let x,y,z € S and a, 8 € T. Since {A, };c, is the family of cubic bi-ideals of S, we have
i; (xayBz) = min{; (x), @;(2)} and w; (xayBz) < maxifw;(x), w;(z)} forall i €A.
(Nien 1) (xayPz) = (inf 1) (xayfz)ien = infi;(xaypz) e, = inffmin{a; (x), f£;(2)}}ien
= min{inf{; (x)};cx , Inf{z; (2) };ex}
(Nier ) (xayPfz) = min{Ner 4 (), Nien ff; (2)} and
(Uier @) (xayBz) = (supw;) (xayfz) e, = supw;(xaypz) e, < sup{max{w; (x), ®;(2)}iex
= max{sup{w; (x)}iex, sup{w; (2)}iex}
(Uier wp) (xayBz) = max{Ue, 0;(x) , Ujep w;(2)}
Hence M;exA; =< Nier i , Ujen w; > is a cubic bi-ideal of S.
Theorem 3.18: Let S be a po-I'-semigroup and {A; };c, be the family of cubic interior ideal of S. Then
MiexcAi =< Nierfl; , Ujen w; > is acubic interior ideal of S.
Proof: By proposition (3.15) we have [1;c A, is a cubic I'-subsemigroup of S.
Now, let x,y € S be such that x < y. Since [1;c,A; is a cubic I'-subsemigroup of S,
then f1; (x) = f1;(y) and w; (x) < w;(y) forall i EA.
Thus infi;(y) < @g;(v) < i@g;(x) and sup w;(y) = w;(y) = w;(x) forall i €A.
And, letx,y,z € S and a, B € T. Since {A;};c, is the family of cubic interior ideals of S, we have
i;(xayBz) = i;(y) and w; (xayBz) < w;(y) forall i €A.
Thus (Nex 1) (xayPz) = (inf 1) (xayfz)ex
= inf1;(xayfz)ex
= infig;(¥)ie
(Nier ) (xayPfz) = Nieaft; (v) and
(Uier w) (xayBz) = (supw;)(xayfz)icn
= supw;(xaypz) e,
< supw;(V)ien
(Uier wi) (xayBz) = Uiex w; ()
Hence M;exA; =< Niexfli » Ujen w; > is a cubic interior ideal of S.
Theorem 3.19: Let f: S— S 'be an epimorphism on po-I'-semigroup Sand S . If A = < I, w > is a cubic I'-sub
semigroup of S ' by the cubic property then C;l(cﬂ) =< C;l(ﬁ), C;l(w) > is a cubic I'-sub semigroup of S,
provided C;'(A) is non-empty.
Proof: Let x,y € S. Then (¢ (x), C:(y) € S . For any & € I' we have
since [ is an interval-valued fuzzy I'-sub semigroup of S

G (a(xay)) = a(f (xay))
= a(f)af ()
= min{a(f (x)), A(f ()
G (A(xay)) = min{C;" (2(0)), G5 (a())} and
since w is a fuzzy I'-sub semigroup of S
(7 (wkxay)) = o(f(xay))
= o(f)af(y))
< max{w(f (X)), o(fF ()}
G (wGxay)) = max{GGH(w()), 7 (o)}
Hence ;' (A) = < (7' (1), C;* (w) > is a cubic I'-sub semigroup of S.
Theorem 3.20: Let f: S— S 'be an epimorphism on po-I'-semigroup Sand S '. If A = < I, w > is a cubic left
(right) ideal of S ' by the cubic property then (7' (A) = < (7' (1), (5 ' (w) > is a cubic left (right) ideal of S,
provided C;'(cA) is non-empty.
Proof: Let x,y € S. Then C¢(x), s (y) € S .Forany a € I'.
Since { is an interval-valued fuzzy left ideal of S
G (axay)) = a(f (xay))
= i(f(af )
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= a(f(»)
G (axay)) = ¢ (A(y)) and
since w is a fuzzy left ideal of S
Cl?l(w(xay)) = w(f(xay))
= o(f)af )
<o(f(»)
7 (w0xay) = GH00))
Also, let x, y € S be such that x < y. Then (¢ (), Cs(y) € S ' with G;(X) < C¢(y)
since [ is an interval-valued fuzzy left ideal of S
so Z(f(0)) = A(f () then G5 (a(x) = (7' (2(»)) and
since w is a fuzzy left ideal of S
s0 w(f(x)) < w(f(y)) then Cfl (wx)) < Cfl(w(y))
Hence (7' (A) = < (71 (), (7 (w) > is a cubic left (right) ideal of S.
Theorem 3.21: Let f: S— S ' be an epimorphism on po-I'-semigroup Sand S '. If A = < I, w > is a cubic bi-
ideal of 5 ' by the cubic property then ;' (A) = < ;' (D), C; " () > is a cubic bi-ideal of S, provided C;'(A)
is non-empty.
Proof: By theorem (3.19) (' (A) = < (5 ' ({0), (5 ' (w) > is a cubic I'-sub semigroup of S.
Let A = < I, w > is a cubic bi-ideal of S 'and x,v,z € S. Then C;(x), Gt (v), Cs(z) € S ".Forany a, € I.
since [ is an interval-valued fuzzy bi-ideal of S '
C7'(a(xayp2)) = a(f (xaypz))
= a(f(af )Bf(2))
= min{a(f (x)), A(f (2))
(7 (Axayp2)) = min{C; ' (2(x)), (7' (4(2))} and
since w is a fuzzy bi- ideal of S
(i (w(xaypz)) = w(f (xaypz))
= w(f()af (V)Bf(2)
< max{w(f (x)), w(f(2))
C;l(w(xayﬂz)) = max{C;l(w(x)), C;l (a)(z))}
Also, let x,y € S be such that x < y. Then C;(X), Cs(v) € S ' with G;(X) < G (y)
since [ is an interval-valued fuzzy bi-ideal of S '
s0 a(f(x)) = ia(f () then G5 (2(x)) = (5" (&(»)) and
since w is a fuzzy bi-ideal of '
o) a)(f(x)) < a)(f(y)) then Cl?l(a)(x)) < Cfl(w(y))
Hence (7' (A) = < (7' (), (5 ' (w) > is a cubic bi-ideal of S.
Theorem 3.22: Let f: S— S ! be an epimorphism on po-I'-semigroup Sand S '. If A = < I, w > is a cubic
interior ideal of S ' by the cubic property then (7' (A) = < (5" (i), (5 ' (w) > is a cubic interior ideal of S,
provided C;'(A) is non-empty.
Proof: By theorem (3.19) (5" (A) = < (7' (1), (5 ' (w) > is a cubic I'-sub semigroup of S.
Let A = < I, w > is a cubic interior-ideal of S 'and x,y,z € S. Then C;(X), G (¥), G (2) € S .
Foranya,f €T.
since f is an interval-valued fuzzy interior ideal of S
L (aGaypz)) = A(f (xaypz))
= g(f (af B (2))
= a(f )
G (A(xayB2)) = G (A(y)) and
since w is a fuzzy interior ideal of S '
Cfl(w(xayﬁz)) = w(f (xaypz))
= w(f()af (V)Bf(2)
< o(f()
Cfl(w(xayﬁz)) = Cfl (a)(y))
Also, let x,y € S be such that x < y. Then C;(X), CGs(y) € S ' with G:(X) < C:(y)
since f is an interval-valued fuzzy interior ideal of S '
so 1(f (%)) = A(f»)) then C;' (a(x)) = ;' (a(»)) and
since w is a fuzzy interior ideal of S

S0 w(f(x)) < w(f(y)) then Cfl(w(x)) < Cfl(w(y))
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Hence C;l(c/l) =< C,Zl(ﬁ), C]Zl(w) > is a cubic interior ideal of S.
Proposition 3.23: Let S be a po-I'-semigroup with unities, L be its left operator po-semigroup and
A =< I, w > isacubic ideal of L (resp. cubic left ideal of L). Then
At =< g, w >t=< (@)*, ot > is a cubic ideal of S (resp. cubic left ideal of S).
Proof: Let x,y € Sand y € I. Then
@ ry) = ger Alxyy, al)
= o A Y1y, a))
:gr (v, a])(@isan CLI(L))
(@*Ceyy) = (@* () and
()*(xyy) = J&r w([xyy, a])
= ser (% ¥1ly, al)
< & w(y,a])(wisan CLI(L))
(@) (xyy) = (@)* ()
Letx,y € Sbesuchthatx < y.Then [x,a] < [y,a]inLforall a € T.
Since A = < 1, w > isa CI(L), then j[x, a] = fi[y, a] and w[x, a] < w[y, a] forall @ € T.
So, (D* () = o A(lx,al)
> & B[y, al)
(@W*ex) = (W* () and
(@) = & w(xal)
< aer @[y, a])
(W) () < (@) B)
Hence A*T =< (@)%, w™® > is a cubic ideal of S.
Corollary 3.24: Let S be a po-I'-semigroup with unities, R be its right operator po-semigroup and
A =< f1,w > is acubic ideal of R (resp. cubic left ideal of R). Then
A" =< fI,w >"=< ()", w" > is a cubic ideal of S (resp. cubic left ideal of S).
Proposition 3.25: Let S be a po-I"-semigroup with unities, L be its left operator po-semigroup and
A =< i, v > isacubic ideal of S (resp. cubic left ideal of S).Then
A =< g o >t'=< (@, 0t >isacubic ideal of L (resp. cubic left ideal of L)
Proof: Let [x, a], [y, B8] € L. Then,
@* ' (lx, ally, B = @* ' ([xary, B])
= o5 A(xayps)
= o5 A(xa(yps))
> "™ [i(yBs) (@isan CLI(S))
" (xally, B = @ (v, 8 and
(@) ([x,ally, B = (@)* ([xay, B])
= Jes w(xayfs)
ves w(xa(yps))
‘& wPBs) (wisanCLI(S))
(@7 (Ix,ally, D = (@)* (1, 8D
Now, let [x, a], [y, @] € L be such that [x, a] < [y, a]. Then xas < yas forall @ € 'and s € S.
Since A =< 1, w > isa CI(S), then g(xas) = f(yas) and w(xas) < w(yas) foralla € T'and s € S.
@* (xa]) = & alxas)
> [ alyas)
®* ([x a]) 2 (@*([y, a]) and
(@7 ([x,a]) = 3& w(xas)
< Ges w(yas)
(@7 ([x,a]) < (@)* (y.a)
Hence A*' =< (@)*,w* > isa cubic ideal of L.
Corollary 3.26: Let S be a po-I'-semigroup with unities, R be its right operator po-semigroup and
A =< I, w > is acubic ideal of S (resp. cubic left ideal of S).Then
A =< g w>"'=< (@), 0" >isacubic ideal of R (resp. cubic left ideal of R).
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